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Abstract. We present a numerical study of the relation between cos-
mic density and velocity divergence in the mildly nonlinear regime. We
approximate the dark matter as a nonrelativistic pressureless fluid and
solve its equations of motion on a grid fixed in comoving coordinates.
Unlike N-body schemes, this method yields directly the volume-averaged
velocity field. We investigate both the mean ‘forward’ relation (density
in terms of velocity divergence) and the mean ‘inverse’ relation (velocity
divergence in terms of density), with emphasis on the latter. On scales
larger than 20 megaparsecs, our code agrees with the predictions of third
order perturbation theory remarkably well, significantly better than re-
cent N-body simulations. On scales of a few megaparsecs, a third order
polynomial turns out to be a poor fit of the inverse relation. We propose
an alternative analytical description of the inverse relation, which works
well for these scales.

1. Introduction

The observed density fluctuations from current galaxy redshift surveys (e.g.
Fisher et al. 1993) and from the POTENT (Dekel et al. 1998) reconstruction of
the mass density field slightly exceed the regime of applicability of linear theory.
The purpose of this work is to propose a simple and accurate description of the
density vs. velocity-divergence relation (DVDR) at mildly nonlinear scales, easy
to implement in current velocity—velocity comparisons. Instead of performing
N-body simulations (Bernardeau et al. 1999), we model the cold dark matter as
a pressureless cosmic fluid. We solve the equations of its evolution on a uniform
grid fixed in comoving coordinates. This approach is advantageous over the
standard N-body one because, due to clustering, the velocity field is sampled
very nonuniformly in the latter. We probe the velocity field in the voids as finely
as in dense regions, and our simulations yield directly volume-weighted values
of velocity.

In the mildly nonlinear regime, perturbation theory can be applied to relate
the density contrast, d, and the scaled velocity divergence, § = —f 1(Q,A)V-v.
Chodorowski & Lokas (1997) derived the mean forward DVDR (cosmic density
in terms of the velocity divergence) up to the third-order, accounting for the
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Figure 1.  The coefficients a1, as,ag from six simulations (curves and
error bars) and their third order perturbation theory predictions (solid
lines). Left panel: Gaussian filter, right panel: Top-Hat filter.

smoothing of the density and velocity fields. The mean density contrast given
the scaled velocity divergence is a third-order polynomial:

(019) = a10 + a2(6” — (6%)) + a36” . (1)

This dependence is utilized in density—density comparisons; for velocity—velocity
comparisons one needs the mean inverse DVDR.

si u ations

The relation between the density and the scaled velocity divergence depends
very weakly on the background cosmological model (Bernardeau et al. 1999), so
we were free to choose the convenient and well-tested instein—de itter universe
(2 = 1,A = 0), with a scale-free power spectrum, ( ) ~1. To investigate
the statistics of density and velocity fields at both intermediate (several mega-
parsecs) and large (up to 0 h™! h™!Mpc) scales, we have chosen the simulation
volume to be a (200h~'Mpc)? cube. We have performed six realizations of this
model.

or ard r ation. We have tested the polynomial description of the
forward relation ( q. 1). In Figure 1 we present the coefficients a;, a2 and a3
computed from our simulations. With the exception of the most highly nonlinear
smoothing scales, the values of ¢ depend on the filter size, , very weakly and
agree well with the perturbation theory predictions of Chodorowski & Lokas
(1997).

inv rs r ation. In search for a formula describing the inverse re-
lation, (# ), we took into account: (a) monotonicity of the relation and of
its derivative (see Fig. 3), (b) agreement with the polynomial description for
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Figure 2. The parameter of the (0 ) relation. Dotted curve and

errorbars: fit with second-order approximation to ; solid:  from fit
of both and

large filter radii, (¢) asymptotic behavior in the voids, and (d) the mass con-
servation law ((#) = 0). A polynomial fit does not satisfy (a) and (c), it is
also disfavored by comparisons with numerical simulations. On the other hand,
(a), (b) and (c) are satisfied by the asymptotic formula of Bernardeau (1992),
(0 ) =3 2(1+4)? 1 . (This expression is valid for (§°) 0 and no smooth-
ing). In order to make this formula applicable to filtered data we have replaced
the exponent 2 3 with a free parameter, 1 , and added a constant o set, to
satisfy (d). Our final formula has the form:

)= @1+6" -1+, (2)

where can be approximated to the second order as: = 2;1(52) . This approx-
imation was tested by fitting both and as independent parameters. The
values of obtained in one- and two-parameter fits are consistent for filter radii
greater than about h~!Mpc (see Figure 2).

We plot the joint PDF of § and 6 combined from all our six simulations in
Figure 3. The data are smoothed with a h~'Mpc Gaussian filter, similar to
the 3h 'Mpc and h !Mpc filters used by Willick & trauss (1998) for their
V LMOD analysis. Curves in the plot represent fits to the distribution: one-
and two-parameter fit according to formula (2), a third-order polynomial and
formula (27) of Willick et al. (1997).

The polynomial fit is poor not only for very large d, it also overestimates
0forl § . The formula of Willick et al. goes o the simulated distribu-
tion at the extreme values of § (both positive and negative). The one-parameter

-formula slightly overestimates @ in the high-¢ tail. With the two-parameter de-
scription used instead, our formula fits the data very well in the entire range of 4.
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Figure 3. oint PDF of § and 8, (4,60): contours have intervals of
0. in log; ( ). olid curve represents our formula (2) with  and
fitted independently, dotted curve — the same formula (2) with
accurate to the second order. Long-dashed curve represents the third
order polynomial fit, and short-dashed — formula (27) of Willick et
al. (1997). Window in the upper-left corner enlarges the void region
(every second contour is plotted here).
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