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An algorithm for evaluation of the crystallographic FFT for 67crystallographic
spacegroups is presented. The symmetry is reducedin such a way that it is
enough to calculate P1 FFT in the asymmetric unit only and then, in a
computationally simpler step, recover the ®nalresult.The algorithm yieldsthe
maximal symmetryreduction for everyspacegroup considered. For the central
step in the calculation consisting of general P1 FFTs, any generic fast Fourier
subroutinecanbeused.The approach developedin thispaperisanextension of
the scheme derived for p3-symmetric data [Rowicka, Kudlicki & Otwinowski
(2002).ActaCryst.A58, 574±579].Algorithmsdescribed herewill alsobeused in
our forthcomingpapers [Rowicka, Kudlicki & Otwinowski (2003).Acta Cryst
A59, 183±192;Rowicka,Kudlicki & Otwinowski (2003), in preparation], where
more complicated groupswill be considered.

1. Introduction

Taking full advantage of crystallographic symmetries in
computation of the Fourier transformwould yield muchmore
ef®cient fast Fourier transform (FFT) routines for crystal-
lographicdataprocessing.However,therehasbeennogeneral
space-group-ef®cient implementation of fast Fourier trans-
form so far. Such algorithms should operate only in the
asymmetric unit and should have speeds comparable to P1
FFT transformsof thesameamountof data.Thiswill becalled
a maximal symmetry reduction.

Thisproblem hasalreadybeenpartially solvedby Ten Eyck
(1973). Subsequently, it has attracted lots of attention and
morethan 20 researchpapershavebeen devoted to the issue.
In particular, an elegant approach has been proposed by
Bricogne (1993),but without a prescription how to design
algorithms.

Our work has resulted in a set of easy-to-implement
algorithmsfor all 230crystallographicgroups. For everyoneof
them, we can achievemaximal symmetry reduction. More-
over, at all timesonly a region of memorycorresponding to
the asymmetric unit has to be allocated.

Recently, we have presented an explicit scheme for the p3
symmetry group (Rowicka et al., 2002).The present paper is
thesecondin aseriesof articlesdescribingour approach.Here
wedealwith 67crystallographic groupsfor which it ispossible
to reducecrystallographic symmetryin one step. For eachof
these groups, we ®nda computational grid without points in
special positions. It meansthat in sucha computational grid
datapointsdo not lie on symmetry elements(suchasrotation
axes or mirror planes). Implementation of this algorithm
already existsand yields expected gainsin speed and reduc-
tion in memory usage.

Our approach differs from that of Ten Eyck. We do not
factorize the one-dimensional Fourier transform, nor do
symmetry elements of order 2 play a special role in our
scheme. This makes our algorithm versatile and easy to
combinewith other algorithms we developed. The approach
we use in this paper is a generalization of an approach
proposed by Bricogne, (1993). However, our forthcoming
papers(Rowicka et al., 2003a,b) (where we will discussall
crystallographic groups not covered here) will be very
different in spirit.

We basedour approachon the Cooley±Tukey decomposi-
tion (Cooley & Tukey, 1965),which has the advantage of a
simplegeometric interpretation, unlike the widely discussed
Winogradscheme (Auslander& Shenefelt, 1987;Auslander et
al., 1988;Bricogne& Tolimieri, 1990;An etal., 1992;Bricogne,
1993).In the Cooley±Tukey algorithm, data are divided into
subsetsconsisting of points regularly distributed in space.
Regularspacing hasan additional implementation advantage
of an easy to optimize memory accesspattern. Another
advantage of the approachpresentedhere and in our other
papers (Rowicka et al., 2002, 2003a) over the Winograd
schemeis that our algorithmsgenerally do not dependon the
prime-factor decompositionof the grid size. In the Winograd-
basedapproach,each group and each grid size leads to a
different algorithm. We will alsocopewith the limited sensi-
tivity to the prime-factordecomposition of the grid sizein the
lastportion of algorithms, whichwill bepresentedin Rowicka
et al. (2003b).

The paper is organized as follows. In x2, we introduce
mathematical notionsandnotation wewill uselater on. In x3,
the symmetry-reduction formula is derived.Following that, in
x4, we explain by examples how the symmetry-reduction
formulaworks. Thepurposeof theseexamplesis twofold: they
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are intendedto provide insight into how our algorithmworks
in practice;reading them will also aid in understanding the
formalismintroducedin xx2 and 3. In x5, we discussrequire-
ments, limitations and future development and application
of our algorithms. In Appendix A, we provide a detailed
description of the algorithm andrequirementson the grid size
for speci®ccrystallographic groups.

2. Mathematical notions and notation

Throughoutthis paper,wewill follow the spirit of the modern
mathematical approachof Bricogne(1993),wewill alsousea
similar notation. Let Z denote the set of all integers and Z3

denote Z � Z � Z, where� is theCartesianproduct.Matrices
and vectorswill be written in bold type.

Our goal is to compute the discrete Fourier transformof a
periodic function f de®nedon Z3. Sucha function will have
the periodicity of the underlying crystalstructure. The crystal
periodicity can be describedin many ways, for example by
listingthreeprimitive translationvectors. Thesevectorswill be
denoted by a1; a2; a3. In the standardbasis of Z3, consisting of
basisvectors e1, e2 and e3:

e1 ˆ
1
0
0

2

4

3

5 ; e2 ˆ
0
1
0

2

4

3

5 ; e3 ˆ
0
0
1

2

4

3

5 ;

the primitive translation vectorsa1; a2; a3 canbe written as

a1 ˆ a11e1 ‡ a21e2 ‡ a31e3

a2 ˆ a12e1 ‡ a22e2 ‡ a32e3

a3 ˆ a13e1 ‡ a23e2 ‡ a33e3;

where all aij are integer. Let A denote the matrix whose
columnsare vectorsa1, a2 and a3:

A ˆ
a11 a12 a13

a21 a22 a23

a31 a32 a33

2

4

3

5 :

Note that, sincethe primitive translationvectorsa1, a2 and a3

are linearly independent, it follows that the matrix A is
invertible (that is, its determinant is not equal to zero:
detA 6ˆ 0).

Periodicity of the crystalcanbe alsoencoded by lattice �
de®nedasa setof linear combinationsof primitive translation
vectors, with integer coef®cients:

� ˆ f k : k ˆ m1a1 ‡ m2a2 ‡ m3a3; m1; m2; m3 2 Zg;

or in shorthand notation

� ˆ AZ3:

FollowingBricogne(1993), we will call A the period matrix of
the crystaland � its period lattice. Lattice typesencountered
in this paper are graphically depicted in Fig. 1, the period
lattice � is colouredblue.

The periodicity of the function f can be encodedby the
period lattice � , as follows:

f …x ‡ t† ˆ f …x† for t 2 � and x 2 Z3:

Observethat the function f hasthesamevaluesin pointsx and
y if x ÿ y 2 � . To build a formalism convenientfor describing
suchperiodic functions, we will usethe notion of an equiva-
lencerelation,whichnaturally arisesin crystallography. Let X
be a setand let x; y 2 X . We saythat x is in relation R with y
and we write xRy whenever a certain condition is ful®lled.
This condition canhavea fairly generalnature. A relation is
calledan equivalencerelation if it is re¯exive (xRx for every
x 2 X), symmetric (if xRy then yRx) and transitive (if xRy
and yRz then xRz). Equivalence relations are of great
importanceto us, sincethey inducea decomposition of a set,
on which they are de®ned, into equivalence classes. The
equivalenceclassof an element x 2 X with respect to relation
R isasetof all elementsy 2 X suchthat y is in relation R with
x. It will be denotedby ‰xŠR :

‰xŠR ˆ f y 2 X : yRxg:

A useful example of an equivalence relation is givenby

yR � x , y ÿ x 2 � :

That means that x and y are in the relation R � if and only if
they havethe same crystallographic coordinates. The equiva-
lenceclassof x will be

‰xŠ� ˆ f y 2 Z3 : y ÿ x 2 � g:

In other words, the equivalenceclassof a point x is the setof
all points that are related to x by a combination of primitive
translations, with integer coef®cients. For example, in frac-
tional coordinates (that is if A is an identity matrix), the
equivalenceclasswith respect to the relation R � of the point
…0; 0; 0† is the set of all points with integer coordinates.
Generally, in fractional coordinates, the equivalenceclassof
the point …x; y; z† consists of all points …~x; ~y; ~z† such that
fractional parts of x, y and z equal those of ~x, ~y and ~z,
respectively. Another useful notion will be that of a quotient
space. The quotient spaceof a vector space X by a vector
spaceY is a setof all equivalence classesof the elementsof X
with respect to the relation R Y , de®ned by

x1R Yx2 , x1 ÿ x2 2 Y;

for x1; x2 2 X. Such a quotient is a vector space and it is
denoted by X=Y. In this article, we deal with the quotient
spaceof Z3 by � (by de®nition, the lattice � is a vector space,
too):

Z3=� ˆ f ‰xŠ� : x 2 Z3g:

One can think of this quotient space asa unit cell, with one
difference: every point from Z3=� represents an in®nite
numberof points related by lattice translations. In fractional
coordinates, thisquotientspaceisasetof representativesof all
points with coordinates greater than or equal to zero and
smallerthan 1 (fractional parts of real numbers). One of the
reasonswhyequivalenceclassesareveryuseful is that theyare
invariant under lattice translations. This clari®es the picture
and allows us to focus on meaningful symmetry operations.
More detailed exampleswill be discussed later on, when
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application of our algorithm to the speci®ccrystallographic
groupswill be presented.

The notion of a quotient spaceallowsus to describeperi-
odicity conditions in averyconvenient way. Insteadof viewing
f asa � -periodic function, it canbeequivalently considered as
de®ned on the set of the equivalence classes, Z3=� . Let us
introducethe notation

ÿ ˆ Z3=AZ3 ˆ Z3=� …1†

and

ÿ � ˆ Z3=ATZ3;

where AT denotes the transposition of the matrix A. The
spaceÿ � isaspacedual to ÿ. Its elementsarecovectors, that is
objectsdual to vectors. Covectors will be alsoprinted in bold
type and they will be, whenthere is no risk of confusion, also
calledvectors. However, covectors will be usuallydepicted as
`horizontal' vectors. Let h 2 ÿ � . Then,

h ˆ h1 h2 h3

� �
:

Covectorscanalsobeexpressedusingastandarddualbasise�
1,

e�
2, e�

3:

h ˆ h1e
�
1 ‡ h2e

�
2 ‡ h3e

�
3;

where

e�
1 ˆ 1 0 0

� �
; e�

2 ˆ 0 1 0
� �

; e�
3 ˆ 0 0 1

� �
:

The scalar productis alwaysde®nedbetweena covector anda
vector. For example, the scalar products of a basis covector
and a basisvector is

e�
i � ej ˆ � ij ;

where� ij is the Kronecker delta:

� ij ˆ
0 for i 6ˆ j
1 for i ˆ j:

�

Consequently, thescalarproductof acovectorh andavector x
expressedin standard basesreads

h � x ˆ …h1e
�
1 ‡ h2e

�
2 ‡ h3e

�
3† �…x1e1 ‡ x2e2 ‡ x3e3†

ˆ h1x1 ‡ h2x2 ‡ h3x3

or

h � x ˆ h1 h2 h3

� � x1

x2

x3

2

4

3

5 ˆ h1x1 ‡ h2x2 ‡ h3x3:

We will usea shorthand notation eA …h; x†for a coef®cient
(also called `twiddle factor') that will occur frequently in
considered formulae:

eA h; x… †̂ exp…ÿ2� ih � A ÿ 1x†:

This symbol hasthe followingproperties:

eA g‡ h; x… †̂ eA g; x… †eA h; x… †

eA h; x ‡ y… †̂ eA h; x… †eA h; y… †

for any g; h 2 ÿ � and x; y 2 ÿ . Moreover,

eA h; Ax… †̂ 1 for any h 2 ÿ � and x 2 ÿ : …2†

Let f be a complex-valuedfunction on ÿ , whereÿ is given by
(1). The Fourier transformof function f will be denoted by F
and for any h 2 ÿ � de®nedby

F…h† ˆ
P

x2ÿ
f …x†eA h; x… †: …3†

For simplicity, in the above formula, we have omitted the
normalization constant 1=jdetAj.

2.1. Multidimensional Cooley±Tukey factorization

Assumethat A0 and A1 are matriceswith integer entries,
suchthat

A ˆ A0A1: …4†

Let usde®ne

X0 ˆ Z3=A0Z
3 and X1 ˆ Z3=A1Z

3:

Observe that everyelement x 2 ÿ canbe expresseduniquely
as

x ˆ x0 ‡ A0x1; …5†

Figure 1
Lattices used in crystallographicFourier transform calculations. For
simplicity, we depictan examplein two dimensions. The standardlattice
Z2 is colouredblack.The period lattice � is spannedin this caseby the
vectorsa1 ˆ 12

0

� �
and a2 ˆ 0

10

� �
and it is colouredblue. The asymmetric

lattice A0Z
2 is spannedhereby vectors 4

0

� �
and 0

2

� �
andit is colouredred.

Figure 2
Decomposition(5) in the real space. Here, A ˆ 12 0

0 10

� �
andA0 ˆ 4 0

0 2

� �
. The

vectorx ˆ 7
7

� �
is representedas 3

1

� �
‡ 4 0

0 2

� �
1
3

� �
, that is x0 ˆ 3

1

� �
andx1 ˆ 1

3

� �
.
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where x0 2 X0 and x1 2 X1. An example of such a decom-
position (for clarity again in two dimensions) is illustrated in
Fig. 2. Decompositions of this type are also commonin real
life, for example, insteadof saying`I am 75 inchestall', one
would rather say`I am 6 feet 3 inchestall' etc.

Analogously, let usde®ne

X �
0 ˆ Z3=AT

0 Z3 and X �
1 ˆ Z3=AT

1 Z3:

Then, in the reciprocal space there is a similar unique
decomposition for everyh 2 ÿ � :

h ˆ h1 ‡ AT
1 h0; …6†

whereh0 2 X �
0 and h1 2 X �

1 (seeFig. 3).
We introducea shorthand notation

F…h0; h1† ˆ F…h1 ‡ AT
1 h0† ˆ F…h†:

Let usinsertthedecomposition of h givenby equation (6) into
equation(3):

F…h0; h1† ˆ
P

x 2 ÿ
f …x†eA …AT

1 h0; x†eA …h1; x†:

Usingthedecomposition of x, given by equation (5),weobtain

eA …AT
1 h0; x† ˆ eA …AT

1 h0; x0†eA …AT
1 h0; A0x1†:

Since eA …AT
1 h0; A0x1† ˆ eA …h0; Ax1†, we can skip the last

factor because(2) implies eA …h0; Ax1† ˆ 1. It followsthat

F…h0; h1† ˆ
P

x 2 ÿ
f …x†eA …AT

1 h0; x0†eA …h1; x†

or

F…h† ˆ
P

x02X0

eA …AT
1 h0; x0†

P

x12X1

f …x†eA …h1; x†: …7†

The above formula is the well known multidimensional
Cooley±Tukey factorization, here we use it in the form
presented by Bricogne (1993).The main idea of this decom-
position is to replacethe Fourier transformof jdetAj points
with jdetA1j Fourier transforms of jdetA0j pointseach.How
the Cooley±Tukey decomposition can be combined with the
underlying crystallographic symmetry will be shownin x3.

2.2. Crystallographic group action

Let G denote the crystallographic space group. All the
crystallographic space groups have an in®nite number of
elements (Bricogne, 1993), since they contain all linear
combinations of primitive translations, with integer coef®-
cients. As we remarked while discussing equivalencyclasses,
this isnot adesirablefeaturefor our purpose, sincewearenot
interestedin lattice translations. Therefore, we shall consider
quotient crystallographic groups (also called factor groups),
that is crystallographic spacegroupswithout lattice transla-
tions. To this end,we will recall the quotient group construc-
tion and then, in order to obtain the quotient group, we
`divide' the crystallographic group by a subgroup spannedby
lattice translations. Observethat the period lattice � with
addition of vectors asgroup operation is a subgroupof G. In
fact,� isevenanormal subgroupof G. Thus, wecanconsider a
quotient group G ˆ G =� obtained by dividing the crystal-
lographic group by its normal subgroup � . The group
operation on G is induced from G. It can be thought of as
`collapsing' the subgroup � to the identity operator. The
elements of G are the symmetry operators as listed in Inter-
national Tables for Crystallography (ITC) (Hahn, 1995).The
group operation on G is a usual symmetry-operator compo-
sition. We will call the resulting quotient group G a quotient
crystallographicgroupG. It maynot be obviousthat G=� is a
group. However,this becomesclearwhenone keepsin mind
that elements of G are not individual operators but their
equivalenceclasses. The equivalence relation here is that the
differenceof two operators isaninteger linearcombination of
the primitive translations. Therefore, G de®nedin such a way
is a group. There are many advantagesof using a quotient
crystallographic group instead of a usual crystallographic
spacegroup. For example, since all spacegroups have an
in®nite number of elements, one cannot derive any useful
information from comparing the numberof elementsin these
groups. The number of elements of the quotient crystal-
lographic group is useful in many aspects, also it is a con-
venient measureof the redundancy of the data.

We represent the action of an elementg 2 G in the real
spaceasfollows:

Sg x… †̂ Rgx ‡ tg; …8†

where x 2 ÿ. We will call Rg the rotational part of the
symmetry operator relatedto g. SincedetRg ˆ � 1, it follows
that Rg can be a proper (det Rg ˆ 1) or an improper
(detRg ˆ ÿ 1) rotation. We will call tg a (non-primitive)
translational part of the symmetry operator. We stressagain
that,sincex 2 ÿ ˆ Z3=� , thesymbol x in the formulaaboveis
in fact the equivalenceclass‰xŠ� , that is a setof all elements
from Z3, whichareequal to x modulo � . The actionequation
(8) de®nesan action S# on a function f on spaceÿ by

…S#
gf †…x† ˆ f …Sÿ 1

g …x††̂ f …Rÿ 1
g …x ÿ tg††:

ThisactionS# on the functionsin the realspaceextendsto the
actionS� on their Fourier transforms in reciprocal space
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Figure 3
Decomposition(6) in the reciprocalspace. Here, A andA0 are the same
asin Fig. 2. Hence, AT ˆ 12 0

0 10

� �
andAT

1 ˆ 3 0
0 5

� �
. Consequently, the vector

h ˆ 7
8

� �
is representedas 1

3

� �
‡ 3 0

0 5

� �
2
1

� �
, that is h1 ˆ 1

3

� �
and h0 ˆ 2

1

� �
.
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S�
gF…h† ˆ eA …h � tg†F…RT

g h†: …9†

3. Symmetry reduction

Now we will combine the multidimensional Cooley±Tukey
factorization with crystallographic symmetry. In this section,
we will derive a symmetry-reduction formula. This formula
will allow us to evaluate the Fourier transform in the whole
unit cellby computingP1Fourier transformof theasymmetric
unit only. Then, in a computationally simpler step, the ®nal
result will berecovered. Of course, such algorithmshaveto be
group speci®c.Let A be a matrix describing the periodic
computational grid. ThenjdetAj equalsthe numberof points
in the unit cell.Supposethat for the quotient crystallographic
groupG thereexistmatricesA0 andA1 satisfying (4).Suppose
alsothat these matricesaresuch that the numberof elements
of G, denoted by jGj, equalsjdet A1j:

jGj ˆ j detA1j:

Let ÿ 0 denote

ÿ 0 ˆ A0X1: …10†

The latticeÿ 0 is depicted in Fig. 1, whereit is referredto asan
asymmetric lattice. Let f beany functiononÿ that respectsthe
crystallographic symmetry, that is such that

f …x† ˆ f …Sgx† …11†

for any x 2 ÿ and g 2 G.
We will requirethat the following assumptionsaresatis®ed:
Assumption 1. Grid ÿ can be expressed as a sum of jGj

mutually disjoint setsSgi
ÿ 0, wheregi 2 G, that is

Sg1
ÿ 0 \ Sg2

ÿ 0 ˆ ; for g1 6ˆ g2

and

ÿ ˆ
S

g2G
Sgÿ 0: …12†

Then,

jÿ j ˆ j Gjjÿ 0j:

Assumption 2. For everyg 2 G, we have:

Sg…ÿ 0† ˆ ‰tgŠÿ0
ˆ f x 2 ÿ : x ˆ c ‡ tg and c 2 ÿ 0g:

Assumption3. Matrix A commuteswith Rg for everyg 2 G:

AR g ˆ RgA:

We proceed to the derivation of the symmetry-reduction
formula. In what follows, ÿ 0 playsthe role of the asymmetric
unit. Assumption 1 meansthat any element of ÿ can be
obtained by somesymmetric transformation of someelement
of ÿ 0. I t follows that, for every x, there exist a c 2 ÿ 0 and a
g 2 G suchthat

x ˆ Sgc: …13†

From Assumption2,it followsthat for everyx 2 ÿ there exists
g 2 G such that

x 2 ‰tgŠÿ 0
:

Moreover, for everyx 2 ÿ, by thedecomposition (5) and since
A0x1 2 ÿ 0, it follows that x0 belongsto the sameequivalence
classasx, namely

x0 2 ‰tgŠÿ 0
:

Now we canrewrite eA …AT
1 h0; x0†asfollows:

eA …AT
1 h0; x0† ˆ eA …AT

1 h0; tg ‡ c† ˆ eA …AT
1 h0; tg†eA …AT

1 h0; c†

and

eA …AT
1 h0; c† ˆ eA …AT

1 h0; A0x1† ˆ exp…ÿ2� ih0 � A1A
ÿ 1A0x1†

ˆ 1:

Therefore,

eA …AT
1 h0; x0† ˆ eA …AT

1 h0; tg ‡ c† ˆ eA …AT
1 h0; tg†:

After substituting (13) and the aboveinto (7), we obtain

F…h† ˆ
P

x02X0

eA …AT
1 h0; tg†

P

c2ÿ 0

f …Sgc†eA …h1; Sgc†:

By equation (11), the function f is invariant under the action
of g 2 G:

F…h† ˆ
P

x02X0

eA …AT
1 h0; tg†

P

c2ÿ 0

f …c†eA …h1; Sgc†:

From formula (8), describing the action of the symmetry
operator in terms of its rotational and translational compo-
nents, we obtain

eA …h1; Sgc† ˆ eA …h1; tg†eA …h1; Rgc†:

Assumption 3 implies that A ÿ 1Rg ˆ RgA
ÿ 1. Hence,

eA …h1; Rgc† ˆ exp…ÿ2� ih1 � A ÿ 1Rgc†

ˆ exp…ÿ2� iRT
g h1 � A ÿ 1c†

ˆ eA …RT
g h1; c†: …14†

From the formulaederived above and (14), it follows that

F…h† ˆ
P

g2G
eA …AT

1 h0; tg†eA …h1; tg†
P

c2ÿ 0

f …c†eA …RT
g h1; c†:

Let usintroducethe symbol Y…h1†asthe Fourier transformof
data in the asymmetric unit ÿ 0:

Y…h1† ˆ
P

c2ÿ 0

f …c†eA …h1; c†:

With this notation,

F…h† ˆ
P

g2G
eA …AT

1 h0; tg†eA …h1; tg†Y…RT
g h1†:

Let us introduce the notation

Z…h1; tg† ˆ eA …h1; tg†Y…RT
g h1†:

Finally,

F…h1 ‡ AT
1 h0† ˆ

P

g2G
eA …AT

1 h0; tg†Z…h1; tg†: …15†
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The aboveformula showshow to computethe Fourier trans-
form of the unit cell using only P1 Fourier transform of the
asymmetric unit (Y). This wayoneperforms FFTon 1=jGj of
the starting number of points. This is the maximal possible
reduction as one cannotusefewer points than in the asym-
metric unit. We will show later on that such a symmetry
reduction is possible for a largenumberof spacegroups.

A similar reasoning, leadingto the same ®nalformula (15),
hasbeen performed by Bricogne(1993).However, he built it
on a more restrictive assumption that A, A0 and A1 all
commutewith Rg for everyg 2 G. Sucha strict assumption is
not necessaryand, what is more important, it cannot be
satis®edfor someof the most interestingcases [e.g.the p3
symmetry (Rowicka et al., 2002)].

3.1. Finding a FFT-friendly asymmetric unit

Formula (15) gives the desired symmetry reduction
providedthat Assumptions1±3areful®lledby the chosen grid
ÿ , symmetry operatorsfrom the consideredgroup G and the
asymmetric unit ÿ 0. To ®ndasymmetric units satisfying these
conditions is a non-trivial task. They do not exist for all the
spacegroups.

Algorithms for all the spacegroupsfor which it is practical
to apply formula (15) are presented below. The choice of an
appropriate coordinatesystemis a crucialstepin our scheme.
To derive solutions, we work in a new coordinate system,
which we call a grid coordinatesystem. Let xc and x denote
coordinatesof the same point in the crystallographic andgrid
coordinatesystems, respectively. Let A bea 3 � 3 matrix with
integer entries and let b be a vector from R3. The trans-
formation between the grid coordinate system and the stan-
dard crystallographic coordinate systems is an af®ne
transformation

x ˆ Axc ‡ b: …16†

ThematrixA here isthesamematrix that describedtheperiod
lattice � and the grid ÿ [see equation (1)]. The vector b
correspondsto the shift of the origin of the coordinatesystem.
We will requireb to be suchthat all our data pointswill have
integer coordinates (jdet Aj correspondsto the number of
datapointsin the unit cell). The transformation equation (16)
will be described later by giving A and b only.

By Assumption3,A commuteswith Rg for anyg 2 G. Then,
the relation betweenthe symmetry operator …Rc

g; tc
g† in the

crystallographic coordinate system and in the grid coordinate
system…Rg; tg†is the following:

Rg ˆ Rc
g and tg ˆ …I ÿ Rc

g†b ‡ At c
g:

As will beshownin the next section, the shift introducedby b
will inducephaseshiftsin formulaefor symmetryoperatorsin
the reciprocalspace. Wewill computetheFourier transformin
the grid coordinate systemonly.

4. Examplesof algorithms

Particular complexitiesof thealgorithmwill nowbeillustrated
by a few examples. The examplesgiven will cover all typesof
algorithms that appearin AppendixA. The ®rstone is the p4
group. It is then followed by a primitive orthorhombic or
tetragonalspace group. The example of p3 has alreadybeen
described in Rowicka etal. (2002).There, however,westrove
to avoid heavy mathematics. In the present paper, this
example is described in a different way, it introducesan issue
of a subgriddescribed by a non-diagonalmatrix. We will also
sketchout the algorithm for the P�6 group.

4.1. Plane group p4

Thisclassof algorithmsis denotedby 2x2y in AppendixA.
The planegroupp4 isthe simplestplanegroupwith a fourfold
symmetry axis. Thesymmetry operatorsin thecrystallographic
coordinates are x; y and ÿ x; ÿ y and ÿ y; x and y; ÿ x.

In this case, the grid coordinate systemis described by

A ˆ
2N 0
0 2N

� �
and b ˆ

ÿ 1
2

ÿ 1
2

� �
;

whereN isapositive integer relatedto thenumberof pointsin
the unit cell. Let

A0 ˆ
2 0
0 2

� �
and A1 ˆ

N 0
0 N

� �
:

Observe that A ˆ A0A1. The grid ÿ , de®nedasÿ ˆ Z2=AZ2,
hasin this casethe form

ÿ ˆ
x
y

� �� �

A
: x; y 2 f 0; 1; 2; . . . ; 2N ÿ 1g

� �
:

The subspaceX0 ˆ Z2=A0Z
2 consistsof four vectors:

X0 ˆ
0
0

� �� �

A0

;
1
0

� �� �

A0

;
0
1

� �� �

A0

;
1
1

� �� �

A0

( )

:

Here, 0
0

� �� �
A0

denotesan equivalenceclassof the vector 0
0

� �
,

de®nedas

0
0

� �� �

A0

ˆ x 2 ÿ : x ˆ
2 0
0 2

� �
n
m

� �
ˆ

2n
2m

� �
; n; m 2 Z

� �
:

It means that this equivalenceclassconsistsof theseelements
of ÿ whosex and y coordinatesare both even.By analogy,

1
0

� �� �

A0

ˆ x 2 ÿ : x ˆ
2 0
0 2

� �
n
m

� �
‡

1
0

� �
ˆ

2n ‡ 1
2m

� �
; n; m 2 Z

� �
:

All elementsof this equivalence classhavetheir x coordinate
odd andy coordinateeven.The other two equivalenceclasses
containpoints with x coordinate evenand y coordinate odd,
and with both x and y coordinatesodd, respectively.

On the other hand,

X1 ˆ Z2=A1Z
2

ˆ
0

0

� �� �

A1

;
0

1

� �� �

A1

; . . . ;
N ÿ 1

N ÿ 2

� �� �

A1

;
N ÿ 1

N ÿ 1

� �� �

A1

( )

:
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Here, the equivalence classesare taken with respect to a
different relation. For example, if N > 7,

3
7

� �� �

A1

ˆ x 2 ÿ : x ˆ
N 0
0 N

� �
n
m

� �
‡

3
7

� �
ˆ

nN ‡ 3
mN ‡ 7

� �
; n; m 2 Z

� �
:

Sincex is alsoan equivalenceclassitself (its coordinatesare
understood to be modulo 2N), then there are only four
elementsin this equivalenceclass:

3
7

� �� �

A1

ˆ
3
7

� �
;

3
N ‡ 7

� �
;

N ‡ 3
7

� �
;

N ‡ 3
N ‡ 7

� �� �
:

The numberof elementsof X1 is jdetAj=jGj ˆ …2N†2=4 ˆ N2.
Every element x 2 ÿ has a uniquedecomposition

x ˆ x0 ‡
2 0
0 2

� �
x1;

where x0 2 X0 and x1 2 X1. The asymmetric unit is
ÿ 0 ˆ A0X1.

ÿ 0 ˆ
2 0
0 2

� �
�
�

� �
ˆ

2�
2�

� �
:

�
�

� �
2 X1

� �
ˆ

0
0

� �� �

A0

:

Observe that thenumberof pointsin theasymmetric unit ÿ 0 is
N2 and it is the same as the numberof points in X1.

The asymmetric unit ÿ 0 is depicted in Fig. 4, it consistsof
points lying in the centresof red squares. In this ®gure, the
black outline denotesa traditional choice of the unit cell.
Observe that,owing to theaf®nechangeof coordinatesystem,
there are no points in special positions, not only in the
asymmetric unit but alsoin the entire unit cell.

Let the clockwiserotation by 90� around the origin of the
crystallographic coordinate systembe denoted by � . Then, in
the grid coordinate system,

R� ˆ
0 1

ÿ 1 0

� �
and t� ˆ

0
ÿ 1

� �
2

0
1

� �� �

A0

:

Let uscheckhow the group G actson the elements of ÿ 0:

S�
2�
2�

� �� �
ˆ

0 1
ÿ 1 0

� �
2�
2�

� �
‡

0
ÿ 1

� �
ˆ

2�
ÿ 2� ÿ 1

� �
:

Thismeansthat the imageundertheactionof symmetry group
element � on anypoint with both evencoordinatesbelongsto
the equivalenceclassof vector t� :

S�
2�
2�

� �� �
ˆ

2�
ÿ 2� ÿ 1

� �
2

0
1

� �� �

A0

:

By analogy,

R� 2 ˆ
ÿ 1 0
0 ÿ 1

� �
and t� 2 ˆ

ÿ 1
ÿ 1

� �
2

1
1

� �� �

A0

:

Hence,

S� 2

2�

2�

� �� �
ˆ

ÿ 1 0

0 ÿ 1

� �
2�

2�

� �
‡

ÿ 1

ÿ 1

� �

ˆ
ÿ 2� ÿ 1

ÿ 2� ÿ 1

� �
2

1

1

� �� �

A0

:

Finally,

R� 3 ˆ
0 ÿ 1
1 0

� �
and t� 3 ˆ

ÿ 1
0

� �
2

1
0

� �� �

A0

:

Then,

S� 3

2�

2�

� �� �
ˆ

0 ÿ 1

1 0

� �
2�

2�

� �
‡

ÿ 1

0

� �

ˆ
ÿ 2� ÿ 1

2�

� �
2

1

0

� �� �

A0

:

Let usprepareto apply the symmetry reduction formula (15).
Let h beanyelementof the reciprocal latticeÿ � . ÿ � is de®ned
asfollows:

ÿ � ˆ Z2=ATZ2 ˆ
x
y

� �
: x; y 2 f 0; 1; 2; . . . ; 2N ÿ 1g

� �
:

Every suchh 2 ÿ � hasa unique decomposition

Figure 4
Exampleof the 2x2y subgriddecompositionfor p4 symmetrygroupand
for N ˆ 8, that is for a 16 � 16 grid ÿ . The asymmetricunit consistsof
centresof red colouredsquares. Equivalently, onecanchoosesquaresof
any other colour asan asymmetricunit aswell.

Figure 5
The FFT-asymmetricunit in the reciprocal spacefor p4 symmetry is
colouredblue. The other coloursdenoteits symmetriccopies(up to the
phaseshift). Here we usethe samesymbolsfor symmetryelements, but
actual formulae for symmetryoperators in the reciprocal spacediffer
from thosein the real spaceby phaseshifts.
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h ˆ h1 ‡
N 0
0 N

� �
h0;

where

h0 2 X �
0 ˆ Z2=AT

0 Z2

ˆ
0

0

� �� �

A0

;
1

0

� �� �

A0

;
0

1

� �� �

A0

;
1

1

� �� �

A0

( )

and

h1 2 X �
1 ˆ Z2=AT

1 Z2 ˆ X1

ˆ
0

0

� �� �

A1

;
0

1

� �� �

A1

; . . . ;
N ÿ 1

N ÿ 2

� �� �

A1

;
N ÿ 1

N ÿ 1

� �� �

A1

( )

:

Note that in this caseA ˆ AT andthe sameholdsfor A0 and
A1. By (9), thesymmetryoperator in thereciprocalspaceS�

� in
this case is

S�
� F

h

k

� �� �
ˆ eA

h

k

� �
;

0

ÿ 1

� �� �
F

0 ÿ 1

1 0

� �
h

k

� �� �

ˆ exp ÿ 2� i h k
� � 1=2N 0

0 1=2N

� �
0

ÿ 1

� �� �
F

ÿ k

h

� �� �

ˆ exp
� ik
N

� �
F

ÿ k

h

� �� �
:

Finally,

S�
� F…h; k† ˆ exp…� ik=N†F…ÿk; h†: …17†

By analogy,

S2�
� F…h; k† ˆ exp‰� i…h ‡ k†=NŠF…ÿh; ÿ k†

S3�
� F…h; k† ˆ exp…� ih=N†F…k; ÿ h†:

The phaseshifts are due to the changeof the origin of the
coordinate system(16). SinceS�

gF…h† ˆ F…h†for everyg 2 G,
it follows from (17) that

F…N; N† ˆ ÿ F…ÿN; N† ˆ ÿ F…N; N†;

so

F…N; N† ˆ 0:

Analogously, using the symmetry operatorS�
� 2, onecanprove

that

F…N; 0† ˆ 0 and F…0; N† ˆ 0:

By the Shannon interpolation formula (Shannon, 1949),
valuesof the Fourier transformat points with modulusof h
above a maximum resolution are not linearly independent.
Thisphenomenonoccursfor anygrid choice. For our choice, it
causeszerosin the points…N; N†, …N; 0†and …0; N†.

A minimal setof pointsat whichtheFourier transformmust
be evaluated in order to retrieve the Fourier transform in the
whole unit cell will be called a FFT-asymmetric unit in the
reciprocal space. It might seemat ®rst glancethat a good
choice of a FFT-asymmetric unit in reciprocal spaceis X �

1,
which is dual to ÿ 0, the asymmetric unit in the real space.
However, from (17), it followsthat

S�
� F…h; 0† ˆ F…0; h†:

Therefore, sincewewantto haveonly independentdata in the
FFT-asymmetric unit in the reciprocal space, the goodchoice
of sucha unit will be similar to X �

1, with points

0
1

� �� �

A1

;
0
2

� �� �

A1

; . . . ;
0

N ÿ 1

� �� �

A1

replacedby

N
1

� �� �

A1

;
N
2

� �� �

A1

; . . . ;
N

N ÿ 1

� �� �

A1

:

The FFT-asymmetric unit in the reciprocalspaceisdepicted in
Fig. 5.

In practice, it iseasier to computeY in X �
1 , andadditionally

in the N above points. At the end, one can reconstruct the
Fourier transformof the wholeunit cell usingformula (15):

F…h1† ˆ Z…h1; te† ‡ Z…h1; t� † ‡ Z…h1; t� 2† ‡ Z…h1; t� 3†;

F…h1 ‡ Ne1† ˆ Z…h1; te† ‡ Z…h1; t� † ÿ Z…h1; t� 2† ÿ Z…h1; t� 3†;

F…h1 ‡ Ne2† ˆ Z…h1; te† ÿ Z…h1; t� † ÿ Z…h1; t� 2† ‡ Z…h1; t� 3†;

F…h1 ‡ Ne1 ‡ Ne2† ˆ Z…h1; te† ÿ Z…h1; t� † ‡ Z…h1; t� 2† ÿ Z…h1; t� 3†:

Hints and tips regarding implementation are discussed in
Rowickaetal. (2002),wherethe p3 symmetrygroupis usedas
the example. The same decomposition as for the p4 group
works also for all other primitive orthorhombic groups with
four elements and also for some primitive four-element
tetragonalgroups(for details seeAppendix A). In particular,
thesymmetryoperatorsfor thespacegroupP4arethesameas
for theplanegroup p4, if oneneglectstheir trivial action along
the z axis. Therefore, the symmetry-reduction algorithm for
the P4 symmetry group is exactly the same as for the p4
symmetry and is describedby

4.2. Primitive orthorhombic or tetragonal groups

All primitive orthorhombicgroupswith eightelementsand
someeight-element primitive tetragonalgroupscanbe solved
by the algorithm described below. These algorithms will be
denotedby 2x2y2z in Appendix A

The transition to the grid coordinatesystemis described by

A and b ˆ ÿ 1
2…e1 ‡ e2 ‡ e3†:

The matrix A in this caseis givenby

Aorth ˆ
2N 0 0
0 2M 0
0 0 2P

2

4

3

5 or A tetr ˆ
2N 0 0
0 2N 0
0 0 2M

2

4

3

5 ;

whereN, M and P are positive integers. The matrix Aorth is
usedin the caseof the orthorhombic spacegroupsand the
matrix A tetr for tetragonal ones. The asymmetric unit in both
casesis described by the same matrix A0:
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2 ; 1

2 ; 0† 2jx; 2jy 2x2y
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A0 ˆ
2 0 0
0 2 0
0 0 2

2

4

3

5 :

Thegrid decompositionand theasymmetric unit isdepictedin
Fig. 6.

A generalization from the 2x2y algorithm to the 2x2y2z
algorithm is straightforward. Basically, there is no funda-
mental differencebetweenx, y and z directions in this case.

Examples of the the 2x2y2z algorithm are the Pmmm
group, which is orthorhombic,and the P4=m group, which is
tetragonal:

Sinceit is very similar to the 2x2y case, we can skip the
detailed explanation and proceed to the p3 symmetry case,
wherenewdif®cultiesarise.

4.3. The p3 symmetry

This algorithm will be denotedby 3(x+y) in Appendix A.
In the p3 symmetry case, the af®netransformation from

the crystallographic coordinate system to the grid coordinate
system is givenby

A ˆ 3N
1 0
0 1

� �
and b ˆ ÿ 1

3
2
1

� �
;

whereN is a positive integer. Moreover,

A0 ˆ
0 1
3 ÿ 1

� �
and A1 ˆ

N N
3N 0

� �
:

The equivalenceclasses are de®nedas

0
0

� �� �

A0

ˆ x 2 ÿ : x ˆ
0 1
3 ÿ 1

� �
n
m

� �
ˆ

m
3n ÿ m

� �
; n; m 2 Z

� �
:

In thisequivalenceclassareall elementsfrom theoriginalgrid
ÿ , whosesum of x and y coordinates is divisible by 3. By
analogy,

1
0

� �� �

A0

ˆ x 2 ÿ : x ˆ
0 1
3 ÿ 1

� �
n
m

� �
‡

1
0

� �
ˆ

m ‡ 1
3n ÿ m

� �
; n; m 2 Z

� �
:

In thisequivalenceclassareall elementsfromÿ , whosesumof
x and y coordinatesequals1 modulo3.The third equivalence
classcontainspointswhosesumof x andy coordinatesequals
2 modulo 3.

In this case,

X0 ˆ Z2=A0Z
2 ˆ

0
0

� �� �

A0

;
1
0

� �� �

A0

;
2
0

� �� �

A0

( )

:

On the other hand,

X1 ˆ Z2=A1Z
2

ˆ
0

0

� �� �
;

0

1

� �� �
; . . . ;

N ÿ 1

3N ÿ 2

� �� �
;

N ÿ 1

3N ÿ 1

� �� �� �
:

Moreover,

ÿ 0 ˆ A0X1

ˆ
0 1

3 ÿ 1

� �
�

�

� �
:

�

�

� �
2 Z2=A1Z

2

� �
ˆ

0

0

� �� �

A0

:

Let thecounterclockwiserotation by 120� aroundtheorigin of
the crystallographic coordinate system be denoted � . Then
G ˆ f e; � ; � 2g. The symmetry operators are given in the grid
coordinatesby

R� ˆ
0 ÿ 1

1 ÿ 1

� �
and t� ˆ

ÿ 1

0

� �
2

2

0

� �� �

A0

…18†

R� 2 ˆ
ÿ 1 1

ÿ 1 0

� �
and t� 2 ˆ

ÿ 1

ÿ 1

� �
2

1

0

� �� �

A0

: …19†

Similarly, as in the caseof p4 symmetry, one cancheck that

S� …ÿ 0† ˆ
2
0

� �� �

A0

and S� 2…ÿ 0† ˆ
1
0

� �� �

A0

:

The subgridÿ 0 (asymmetric unit) is depicted in Fig. 7 by the
bluerhombi. Thegreenrhombi symbolizeelementsof S� 2…ÿ 0†,
whileyellow onesbelongto S� …ÿ 0†. Thesymmetryoperatorsin

Name Vector ÿ b Matrix A Algorithm

Pmmm …1
2 ; 1

2 ; 1
2† 2jx; 2jy; 2jz 2x2y2z

P4=m …1
2 ; 1

2 ; 1
2† 2jx; 2jy:2jz 2x2y2z

Figure 7
Subgriddecompositionfor p3 group, for N ˆ 3.The datapoint locations
are symbolizedby black dots. The asymmetricunit ÿ 0 consistsof data
points locatedin blue rhombi.

Figure 6
Exampleof 2x2y2z subgriddecomposition.The grid points are in the
centresof the colouredcubes. A setof colouredcubesof anycolour is a
valid choiceof an asymmetricunit.
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the reciprocal space are given by (9). The ®nal symmetry-
reduction formulaeare the following:

F…h1† ˆ Z0…h1† ‡ Z1…h1† ‡ Z2…h1†

F…h1 ‡ N…e�
1 ‡ e�

2††̂ Z0…h1† ÿ exp…� i=3†Z1…h1† ‡ exp…2� i=3†Z2…h1†

F…h1 ‡ 2N…e�
1 ‡ e�

2††̂ Z0…h1† ‡ exp…2� i=3†Z1…h1† ÿ exp…� i=3†Z2…h1†:

This algorithm is depicted in Appendix A as

The caseof the p3 symmetry with pointsin special positions
will be addressedin Rowickaet al. (2003b).

4.4. The P�6P�6 group

Thiskind of decomposition is represented in AppendixA as

This may seemto be a two-step algorithm, but actually
3(x+y) 2z denotesaone-step symmetry reduction,with matrix
A0 being the product of matricesdescribing 3(x+y) and 2z
decompositions:

A0 ˆ
0 1 0
3 ÿ 1 0
0 0 2

2

4

3

5 :

We will not go into details, sincethey canbe easilydeduced
from the previously describedcases.

5. Discussion

We have shown how to reduce, for 67 space groups, the
evaluation of the unit-cell FFT to calculating P1 FFT in the
asymmetric unit. Thus, onecanpro®t from a substantial effort
madein developing very ef®cientP1 FFTroutines (e.g.Frigo
& Johnson, 1998;Intel, 2001).

All crystallographicgroupsdiscussed in thispapersharethe
useof a non-standard asymmetric unit. Our asymmetric unit
retains the periodicity of the unit cell, so it is automatically
non-contiguous. This is not a problem aslong asoneperforms
point operations (for example multiplying electrondensityby
a function) or convolutions(which arepoint operations in the
reciprocal space).However, in someapplications, acontiguous
asymmetric unit is needed. A single permutation is then
necessaryto changeour asymmetric unit into any contiguous
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Table 1
Algorithms for crystallographicFFT with one-stepsymmetryreduction;
columns1 and 2: crystallographicgroup numberand symbol;column3:
numberof elements;column4:origin shift; column5:minimaldivisibility
conditionsfor unit-cell sides;column6: algorithm type (seex4).

ITC No. Name jGj Vector ÿ b Matrix A Algorithm.

2 P�1 2 …1
2 ; 0; 0† 2jx 2x

3 P121 2 …1
2 ; 0; 0† 2jx 2x

3 alt P112 2 …1
2 ; 0; 0† 2jx 2x

4 P1211 2 …1
2 ; 0; 0† 2jx; 2jy 2x

4 alt P1121 2 …1
2 ; 0; 0† 2jx; 2jz 2x

6 P1m1 2 …0; 1
2 ; 0† 2jy 2y

7 P1c1 2 …0; 1
2 ; 0† 2jy; 2jz 2y

10 P12=m1 4 …1
2 ; 1

2 ; 0† 2jx; 2jy; 2jz 2x2y
11 P121=m1 4 …1

2 ; 1
2 ; 0† 2jx; 4jy 2x2y

13 P12=c1 4 …1
2 ; 1

2 ; 0† 2jx; 2jy; 2jz 2x2y
14 P121=c1 4 …0; 1

2 ; 1
2† 4jy; 4jz 2y2z

16 P222 4 …0; 1
2 ; 1

2† 2jy; 2jz 2y2z
17 P2221 4 …1

2 ; 0; 1
2† 2jx; 2jz 2x2z

18 P21212 4 …1
2 ; 1

2 ; 0† 4jx; 4jy 2x2y
18alt P21212a 4 …1

2 ; 1
2 ; 0† 4jx; 2jy 2x2y

19 P212121 4 …1
2 ; 0; 1

2† 4jx; 2jy; 2jz 2x2z
25 Pmm2 4 …1

2 ; 1
2 ; 0† 2jx; 2jy 2x2y

26 Pmc21 4 …1
2 ; 1

2 ; 0† 2jx; 2jy; 2jz 2x2y
27 Pcc2 4 …1

2 ; 1
2 ; 0† 2jx; 2jy; 2jz 2x2y

28 Pma2 4 …1
2 ; 1

2 ; 0† 4jx; 2jy 2x2y
29 Pca21 4 …1

2 ; 1
2 ; 0† 4jx; 2jy; 2jz 2x2y

30 Pnc2 4 …1
2 ; 1

2 ; 0† 2jx; 4jy; 2jz 2x2y
31 Pmn21 4 …1

2 ; 1
2 ; 0† 2jx; 2jy; 2jz 2x2y

32 Pba2 4 …1
2 ; 1

2 ; 0† 4jx; 4jy 2x2y
33 Pna21 4 …1

2 ; 1
2 ; 0† 4jx; 4jy; 2jz 2x2y

34 Pnn2 4 …1
2 ; 1

2 ; 0† 4jx; 4jy; 2jz 2x2y
47 Pmmm 8 …1

2 ; 1
2 ; 1

2† 2jx; 2jy; 2jz 2x2y2z
48 Pnnn 8 …1

2 ; 1
2 ; 1

2† 4jx; 4jy; 4jz 2x2y2z
49 Pccm 8 …1

2 ; 1
2 ; 1

2† 2jx; 2jy; 4jz 2x2y2z
50 Pban 8 …1

2 ; 1
2 ; 1

2† 4jx; 4jy; 2jz 2x2y2z
51 Pmma 8 …1

2 ; 1
2 ; 1

2† 4jx; 2jy; 2jz 2x2y2z
52 Pnna 8 …1

2 ; 1
2 ; 1

2† 4jx; 4jy; 4jz 2x2y2z
53 Pmna 8 …1

2 ; 1
2 ; 1

2† 4jx; 2jy; 4jz 2x2y2z
54 Pcca 8 …1

2 ; 1
2 ; 1

2† 4jx; 2jy; 4jz 2x2y2z
55 Pbam 8 …1

2 ; 1
2 ; 1

2† 4jx; 4jy; 2jz 2x2y2z
56 Pccn 8 …1

2 ; 1
2 ; 1

2† 4jx; 4jy; 2jz 2x2y2z
57 Pbcm 8 …1

2 ; 1
2 ; 1

2† 2jx; 4jy; 4jz 2x2y2z
58 Pnnm 8 …1

2 ; 1
2 ; 1

2† 4jx; 4jy; 2jz 2x2y2z
59 Pmmn 8 …1

2 ; 1
2 ; 1

2† 2jx; 2jy; 2jz 2x2y2z
59alt Pmmn2 8 …1

2 ; 1
2 ; 1

2† 4jx; 4jy; 2jz 2x2y2z
60 Pbcn 8 …1

2 ; 1
2 ; 1

2† 4jx; 2jy; 4jz 2x2y2z
61 Pbca 8 …1

2 ; 1
2 ; 1

2† 4jx; 4jy; 4jz 2x2y2z
62 Pnma 8 …1

2 ; 1
2 ; 1

2† 4jx; 4jy; 4jz 2x2y2z
75 P4 4 …1

2 ; 1
2 ; 0† 2jx; 2jy 2x2y

76 P41 4 …1
2 ; 1

2 ; 0† 2jx; 2jy; 4jz 2x2y
77 P42 4 …1

2 ; 1
2 ; 0† 2jx; 2jy; 2jz 2x2y

78 P43 4 …1
2 ; 1

2 ; 0† 2jx; 2jy; 4jz 2x2y
81 P�4 4 …1

2 ; 1
2 ; 0† 2jx; 2jy 2x2y

83 P4=m 8 …1
2 ; 1

2 ; 1
2† 2jx; 2jy; 2jz 2x2y2z

84 P42=m 8 …1
2 ; 1

2 ; 1
2† 2jx; 2jy; 2jz 2x2y2z

85 P4=n 8 …1
2 ; 1

2 ; 1
2† 2jx; 2jy; 2jz 2x2y2z

86 P42=n 8 …1
2 ; 1

2 ; 1
2† 2jx; 2jy; 4jz 2x2y2z

89 P422 8 …1
2 ; 1

2 ; 1
2† 2jx; 2jy; 2jz 2x2y2z

90 P4212 8 …1
2 ; 1

2 ; 1
2† 2jx; 2jy; 2jz 2x2y2z

91 P4122 8 …1
2 ; 1

2 ; 1
2† 2jx; 2jy; 8jz 2x2y2z

92 P41212 8 …1
2 ; 1

2 ; 1
2† 2jx; 2jy; 4jz 2x2y2z

93 P4222 8 …1
2 ; 1

2 ; 1
2† 2jx; 2jy; 4jz 2x2y2z

94 P42212 8 …1
2 ; 1

2 ; 1
2† 2jx; 2jy; 2jz 2x2y2z

94alt P42212a 8 …1
2 ; 1

2 ; 1
2† 4jx; 4jy; 4jz 2x2y2z

95 P4322 8 …1
2 ; 1

2 ; 1
2† 2jx; 2jy; 8jz 2x2y2z

96 P43212 8 …1
2 ; 1

2 ; 1
2† 2jx; 2jy; 4jz 2x2y2z

115 P�4m2 8 …1
2 ; 1

2 ; 1
2† 2jx; 2jy; 2jz 2x2y2z

116 P�4c2 8 …1
2 ; 1

2 ; 1
2† 2jx; 2jy; 4jz 2x2y2z

117 P�4b2 8 …1
2 ; 1

2 ; 1
2† 2jx; 2jy; 2jz 2x2y2z

118 P�4n2 8 …1
2 ; 1

2 ; 1
2† 2jx; 2jy; 4jz 2x2y2z

143 P3 3 …2
3 ; 1

3 ; 0† 3jx; 3jy 3(x+y)
144 P31 3 …2

3 ; 1
3 ; 0† 3jx; 3jy; 3jz 3(x+y)

Table 1 (continued)

ITC No. Name jGj Vector ÿ b Matrix A Algorithm.

145 P32 3 …2
3 ; 1

3 ; 0† 3jx; 3jy; 3jz 3(x+y)
149 P312 6 …2

3 ; 1
3 ; 1

2† 3jx; 3jy; 2jz 3(x+y) 2z
151 P3112 6 …2

3 ; 1
3 ; 1

2† 3jx; 3jy; 6jz 3(x+y) 2z
153 P3212 6 …2

3 ; 1
3 ; 1

2† 3jx; 3jy; 6jz 3(x+y) 2z
174 P�6 6 …2

3 ; 1
3 ; 1

2† 3jx; 3jy; 2jz 3(x+y) 2z

Name Vector ÿ b Matrix A Algorithm

P3 …2
3 ; 1

3 ; 0† 3jx; 3jy 3(x+y)

Name Vector ÿ b Matrix A Algorithm

P�6 …2
3 ; 1

3 ; 1
2† 3jx; 3jy; 2jz 3(x+y) 2z
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one. At the endof the Fourier transform,a reorderingof data
(`bit reversal'),whichis alsoa permutation, is neededanyway.
Sincecomposition of two permutationsis alsoa permutation,
the changeof the asymmetric unit mayeasilybe incorporated
into the bit reversalprocedure causing no lossof ef®ciency.

Another possiblesource of problemsis that the coordinate
system we used has its origin shifted with respect to the
traditional one. This shift is of no consequenceto the appli-
cation of the FFT, except for the obvious requirement that
other modules use the samecoordinate system.This may
cause incompatibilities with some existing programs.
However, conventions used in these programs have no
fundamental justi®cation and adjusting them should require
only minimal changes. Moreover,in paper IV (Rowicka etal.,
2003b), wewill presentconceptually more complexalgorithms
that allow for a conventional choiceof coordinatesystem(i.e.
with symmetry axesgoing through the origin).

The symmetry-reduction formula does not provide full
symmetry reduction for all spacegroups. Thosethat cannotbe
solvedby this method fall into one of three following cases.
First, the mostobviousobstaclefor application of this formula
is non-existenceof a computational grid without points in
special positions. This applies, among others, to all cubic
groups. The algorithms for such caseswill be presented in
paper IV. Second, the symmetry-reduction formula cannotbe
alsoapplied to centredlattices± the asymmetric unit in sucha
casecannot be described by a matrix A0, as in (10). These
cases, in which the symmetry-reduction formula leadsto only
partial symmetry reduction,will becompletelysolvedin paper
III (Rowickaetal., 2003a). The third classin whichwecannot
apply our symmetry-reduction formula are groupscontaining
the symmetry operators like y; x; z ‡ 1

2. Becauseof the trans-
lation along the z axis, they may have no points in special
positions, however, this does not make dealing with the
diagonal mirror operator y; x in the XY plane any easier.
Cases similar to this one will be covered alsoin paper IV.

APPENDIXA
Table of algorithms

Table 1 describes the algorithms for speci®ccrystallographic
spacegroups. Eachrow startswith the ITC number and name
of the group (alternative description of the samegroup are
marked by alt). Following is the number of symmetry opera-
tors, denotedby jGj. It isapproximately equal to the increase
in speed and reduction of memory usage achieved by using
our algorithms. Thenwe list the vectors ÿ b and the matrix A
that de®nethe grid coordinate system by (16). For example,
the symbols 2jx; 2jy; 4jz given as a description of matrix A
shouldbe understoodasfollows:

A ˆ
2N 0 0
0 2M 0
0 0 4Q

2

4

3

5 ;

whereN, M and Q are arbitrary positive integers(this is for
example the case of the Pccm group), and N ˆ M for
tetragonal (for example for the P4222 group) or trigonal
groups.

There are various origins of requirementsimposedon the
entries of matrix A. First, if our algorithm is to take every
secondpoint alongx, y and z axes, we want to makesure®rst
that the number of points along these axes is even. This
requirement would lead to condition 2jx; 2jy; 2jz. Another
reasonwe imposeadditional conditions is that we want the
computational grid to be invariant under the action of
symmetry operators.

The last columncontains a list of basicalgorithmsused.
Symbol explanation: 2x: regular subgridconsisting of every

secondpoint alongthex axis(a verysimilar2z ismentionedin
x4.4).2x2y: regular subgrid consisting of everysecond point
along x and y axes (discussedin x4.1, depicted in Fig. 4).
2x2y2z: regular subgrid consisting of every second point
alongx, y and z axes(seex4.2and Fig. 6). 3(x+y): subgrid of
x ‡ y divisible by 3 (seex4.3and Fig. 7).

The authors are grateful to Keith Henderson, Adam
GoÂrecki and Jan Zelinka for stimulating discussionsand to
Marek Koenig for preparing illustrations and tables. This
researchwassupportedby NIH grant No. 53163.
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