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An algorithm for evaluatian of the crystalographic FFT for 67 crystallogragic
spacegroups is preserted. The symmety is reducedin sud a way that it is
enowh to calcubte P1 FFT in the asymnetric unit only and then, in a
computdionally simple step recower the ®nalresult. The algorithm yieldsthe
maximal symmetryreduction for everyspacegroup considerel. For the centrd
stepin the calailation consistng of geneal P1 FFTs any geneic fast Fourier
subrouthe canbe used.The approat develmedin this paperis an extensia of
the schene derived for p3-symnetric data [Rowicka, Kudlicki & Otwinowski
(2002) ActaCryst.A58 574+579Algorithmsdescribel here will alsobeusel in
our forthcoming papeis [Rowicka, Kudlicki & Otwinowski (2003).Acta Cryd
A59, 183+192Rowicka, Kudlicki & Otwinowski(2003),in preparation], where

Printed in Great Britain + all rights reserved

1. Introduction

Taking full advantage of crystallogragic symméries in
computation of the Fourier transformwould yield much more
ef®cent fast Fourier transform (FFT) routines for crystal-
lographic dataprocessingHowever, therehasbeenno general
space-goup-e®cient implementation of fast Fourier trans-
form so far. Such algorthms should operae only in the
asymnetric unit and shodd have speeds comparabé to P1
FFT transforns of the sameamount of data. Thiswill be called
a maximal symmety reduction.

This problem hasalreadybeenpartially solved by Ten Eyck
(1973) Subsequntly, it has attracted lots of attention and
morethan 20 researchpapers havebeen devded to the issue
In particular, an elegant approach has been proposed by
Bricogne (1993), but without a prescription how to design
algorithms

Our work has resulted in a set of eay-to-implenent
algorithmsfor all 230crystallogaphicgroups For everyoneof
them, we can achievemaximd synmetry reduction. More-
over, at all timesonly a region of memory correspnding to
the asymnetric unit has to be allocaked.

Recertly, we have preserted an explicit schene for the p3
synmetry group (Rowickaetal., 2002).The presen paperis
the secondn aseriesof articlesdesribingour approach.Here
wedealwith 67 crystalographic groupsfor which it ispossible
to reduce crystalographic symmetryin one step For eachof
these groups we ®nda computdional grid without pointsin
specal postions It meansthat in sucha computatianal grid
datapointsdo not lie on symmetry elements(suchasrotation
axes or mirror planes). Implementation of this algorithm
already existsand yields expec¢ed gainsin spesd and reduc-
tion in memory usgge

more complicaed groupswill be consicered.

Our approach differs from that of Ten Eyck. We do not
factorize the one-dimersional Fourier transform nor do
symmety elenments of order 2 play a special role in our
scheme This makes our algorithm versatle and easy to
combinewith other algorithims we develged. The approach
we use in this paper is a genealization of an approach
proposel by Bricogre, (1993). However, our forthcoming
papers (Rowicka et al., 200&,b) (where we will discussall
crystallogaphic groups not coveral here) will be very
different in spirit.

We basedour approachon the Cooley+Tukey decomposi
tion (Cooley & Tukey, 1965),which hasthe advantaye of a
simple geometric interpretation, unlike the widely discussed
Winogradschene (Auslander & Sherefelt, 1987 Auslancer et
al., 19888Bricogne& Tolimieri, 1990An etal., 1992 Bricogne
1993).In the Cooley+Tukey algorithm, data are divided into
subsetsconsisthg of points regularly distributed in space
Regularspacng hasan additional implementation advantag
of an easyto optimize memor accesspattern. Another
advantag of the approachpresentedhere and in our other
papers (Rowicka et al, 2002,200%) over the Winograd
schemads that our algorithmsgeneally do not dependon the
prime-fador decommsition of the grid size In the Winograd-
basedapproach,each group and each grid size leadsto a
different algorithm. We will alsocopewith the limited sensi-
tivity to the prime-factordecompodion of the grid sizein the
lastportion of algorithms whichwill be presentedin Rowicka
etal. (200d).

The paper is orgarized as follows In X2, we introduce
mathemaical notions and notation we will uselater on. In X3,
the synmetry-rediction formula is derived. Following that, in
x4, we explain by exampes how the symmeéry-reduction
formulaworks The purposeof thes exanplesistwofold: they
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are intendedto provide insightinto how our algorithmworks
in practice;readingthem will also aid in understamling the
formalismintroducedin xx and 3. In x5, we discussequire-
ments limitations and future developnent and application
of our algorithms In Appendix A, we provide a detailed
descripton of the algorithm andrequirementson the grid size
for speci®crystalographic groups

2. Mathematical notions and notation

Throughoutthis paper,we will follow the spirit of the modemn
mathemaical approachof Bricogne(1993), we will alsousea
similar notation. Let Z denote the setof all integers and Z°
denaeZ Z Z,where isthe Caresianproduct.Matrices
and vectorswill be written in bold type.

Our goalis to compute the discrete Fourier transformof a
periodic function f de®nedon Z3. Sucha function will have
the periodicity of the underlying crystalstrudure. The crystal
periodicity can be describedin many ways for exanple by
listingthree primitive translationvectors Thesevedorswill be
dended by a;; a,; a,. In the stardard bass of Z3, consistig of
basisvedors e, e, and e;:

23 2 3 2 3
e 405 6" 415; ¢ 405;
0 0 1

the primitive trandation vectorsa;; a,; a; canbe written as

& At aet a6,
B ALt aet ane
& et et agey;

where all g; are integer. Let A denote the matrix whose
columnsare vectorsa;, a, and a:

Note that, sincethe primitive translationvectorsa,, a, and a;
are linearly independent, it follows that the matrix A is
invertible (that is, its determinart is not equal to zero:
detA 670).

Periodcity of the crystalcanbe alsoencodeal by lattice
de®mrdasa setof linear combinatisof primitive trandation
vectors with integer coef®e@nts:

"k kT mat mya, T mgag; my;my;mg 2 Zg

or in shorthard notation
~ AZE

Following Bricogne(1993) we will call A the period matrix of
the crystaland its period lattice. Lattice typesencounteed
in this pape are graphically depictedin Fig. 1, the period
lattice is colouredblue.

The periodicity of the function f can be encodedby the
period lattice , as follows:

fxttt” fxt for t2 and x2Zz%

Obsenethatthe functionf hasthe sane valuesin pointsx and
yif xy y2 . To build aformalian convenientfor describing
suchperiodic functions we will usethe notion of an equiva
lencerelation, whichnaturdly arisesin crystallogaphy Let X
beasetand let x;y 2 X. We saythat x isin relaton R with y
and we write XRy whenever a certan condtion is ful®lled.
This condition canhavea fairly generalnature A relation is
calledan equivdencerelation if it is re exive (xR x for every
x 2 X), symmetic (if xRy then yRx) and transgtive (if xRy
and yRz then xRz). Equivalence relations are of great
importanceto us sincethey inducea decompodion of a set,
on which they are de®md, into equivalene classesThe
equivalececlassof anelemer x 2 X with respet to relation
R isasetof all elementsy 2 X suchthatyisin relation R with
x. It will be denotedby % :

%S "fy2X :yRxg
A usdul exampe of an equivalene relation is givenby

yy x2

That mearsthat x andy are in the relation R if and only if
they havethe sane crystalographic coordnates The equiva
lenceclassof x will be

%S “fy227Z%:yyx2 g

YR X,

In other words the equivdenceclassof a point x is the setof
all pointsthat are related to x by a combindion of primitive
translatons with integer coef@ients For exampe, in frac-
tional coordinates (that is if A is an identity matrix), the
equivdenceclasswith respet to the relation R of the point
.0; 0; Ot is the set of all points with integer coordnates
Generaly, in fractional coordnates the equivdence classof
the point .x;y; zt consistsof all points .x ¥ zt sud that
fractiond parts of x, y and z equal those of x y and z
respectiely. Another usdul notion will be that of a quotiert
space The quotient spaceof a vector spae X by a vector
spaceY isasetof all equivalene classs of the elementsof X
with respet to the relation R, de®red by

XRyX, XV %2,

for x;; X, 2 X. Sucha quotient is a vector space and it is
denotedby X =Y. In this article, we deal with the quotient
spaceof Z®by  (by de®nition, the lattice  isavedor space
too):
Z%= "t %S x227%

One canthink of this quotient space asa unit cell, with one
difference: every point from Z3= represats an in®nite
numberof pointsrelated by lattice translatons In fractional
coordinates thisquotientspaceis asetof representativwesof all
points with coordnates greater than or equal to zero and
smallerthan 1 (fractional parts of real numbers) One of the
reasorswhyequivdenceclasseareveryusdul isthattheyare
invariart under lattice translatiors This clari@s the picture

and allows us to focuson meaningfll synmetry operatiors
More detailed exampleswill be discused later on, when
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application of our algorithm to the speci®ccrydallographic
groupswill be presented

The notion of a quatient spaceallowsusto describeperi-
odicity condtionsin avery conveniat way Instead of viewing
f asa -periodicfunction, it canbeequivdently considere as
de®med on the set of the equivdence classesZ®= . Let us
introducethe notation

VAVAC VAR A At
and
y ~ Z3:ATz3;

where AT dendes the transpogion of the matrix A. The
spacey isaspacedualtoy. Its elementsare covectorsthat is
objectsdual to vectors Covedcors will be alsoprinted in bold
type andthey will be, whenthereis no risk of confugon, also
calledvedors. Howewer, covedors will be usuallydepicted as
“horizontal' vedors Let h2 § . Then,

h h, hy, hy:

Covedorscanalsobeexpressedusingastardarddualbass e,
e, €5

h™ he 1 he, T hses;
where

" 1 00; " 0 10; " 0O0 1:
The scala productis alwaysde®med betweena covedor anda
vedor. For exanple, the scala products of a bass covedor

and a basisvedor is

& &g

where ; is the Kronecker delta:

i
~ 0 for i67]j
L 1 for i” j:

Conseuently, the scalamproductof a covectorh andavector x
expressedin stardard basesreads

Figure 1

Lattices used in crystallographicFourier transform calculations For

simplicity, we depictan examplein two dimensionsThe standardlattice

Z2 is colouredblack. The period lattice  is spannedn this caseby the

vectorsa, © ¥ anda,” J andit is colouredblue The asymmetric

lattice A,Z? is spannechereby vectors § and 9 andit is colouredred.

h x”..he T he, ¥ hsegt xe F %6, T X851
" hiXy F hoX, ¥ haXg

or

2 3
X

1
h x> h, hy hy 4%5" hx t hx, T hox,:
X3

We will usea shorthand notation e, .h; xt for a coef®@ient
(also called “twidde factor') that will ocar frequently in
considerel formulae:

e x T exp..@ ih AYIxt
This symbd hasthe following properties:
e.-gf hyx T ey.gxef.hyx t
en.hixty T e.hyxe.hyy t
foranyg,h2y andx;y 2 y. Moreover,
e.h;Ax ¥ 1 foranyh2y andx2y: 2t

Let f be a complex-valuedfunction on y, wherey is given by
(1). The Fourier transform of function f will be denaed by F
andfor anyh 2 y de®nedby

P
F.ht~  f.xle,.hyx:t 3t
x2y

For simgicity, in the above formula, we have omitted the
normdization constant 15detAj.

2.1. Multidimensional Cooley+Tukey factorization

Assumethat A, and A; are matriceswith integer entries
suchthat

A" AA; At
Let usde®ne
Xo~ Z3=A,Z® and X, Z3=A,Z%
Obsene that everyelement x 2 y canbe expresseduniquely
as
X" X1 Aoy At

Figure 2
120

Decomposition(5) in the real spaceHere, A~ 320 andA,”~ ¢9.The

~ T 3 40 1 H ~ 3 ~ 1
vectorx”™ 7 isrepresentedas | 1 ;, 3.thatisx,” 7 andx "~ 3.

174 Maggorzat&Rowicka et al. ~ Crystallograghic FFT. I

Acta Cryst. (2003). A59, 172+182



research papers

where x, 2 X, and x; 2 X;. An exampe of sucha decan-

position (for clarity agan in two dimensons) is illustratedin

Fig. 2. Decompositons of this type are alsocommonin real

life, for exampg, insteadof saying’| am 75 inchestall’, one

would rather say’| am 6 feet 3 inchestall' etc
Analogouslylet usde®me

Xo~ Z3=A{Z® and X, Z3=A7Z%
Then, in the reciproal space there is a similar unique
decommsition for everyh 2 y :
h™ h, £ Alh; .at

wherehy 2 X, andh; 2 X; (seeFig. 3).
We introduce a shorthand notation

F.hy byt~ F.hy + AThot ~ Fht

Let usinsertthe decompodion of h givenby equdion (6) into
equation(3):

P
F.hg hit™ ~ f.xfey Alhg; xfe,.hy; xt

X2y
Usingthe decompodion of x, given by equéion (5), we obtain
ex.AlThy xt ™ ey .AThy; XoTes .AThg; Ak, T

Since ey .Alhy Agx, T~ ey .hy; Ax T, we can skip the last
factor because(2) impliese, .hy; Ax; T~ 1 It followsthat

P
F.hg; hyt° f.xfes .Alhg; Xotes -hy; xT
X2y
or
. P ; P
F.ht ey-Ajhy Xt f.xte,.hy;xt Al
%02 Xo X12X1

The abowe formula is the well known multidimensonal
Cooley+Tukey factorization, here we use it in the form
preserted by Bricogne (1993).The main idea of this decan-
positionis to replacethe Fourier transformof jdetAj points
with jdetA ,j Fourier transforns of jdetA,j pointseach.How
the Cooley+Tukey decanposition can be comkned with the
undelying crystalographc symmeéry will be shownin x3.

Figure 3

Decomposition(6) in the reciprocalspaceHere, A and A, arethe same
asin Fig. 2. Hence AT~ 220 andA] ™ 32. Consequentlythe vector
h~ ¢ isrepresentedas 3 £ 32 7, thatish,” 3 andh,” 2.

2.2. Crystallographic group action

Let G denae the crystalographic spae group All the
crystallogaphic space groups have an in®nite numbe of
elemens (Bricogne 1993), since they contain all linear
combinations of primitive translatons with integer coef®-
cients As we remarked while discussig equivalencyclassg
thisis not a desirablefeaturefor our purpose sincewe are not
interestedin lattice translations Therefore, we shdl consider
guotient crystallograghic groups (also called factor groups),
that is crystalographic spacegroupswithout lattice tranda-
tions To this end,we will recal the quotient group constric-
tion and then, in order to obtain the quotient group, we
“divide'the crygallographic group by a subgrop spannedby
lattice trandations Observethat the period lattice  with
addition of vedors asgroup operdion is a subgroupof G In
fact, isevenanormd subgoup of G Thuswe canconsicra
quotient group G~ G = obtained by dividing the crydal-
lographic group by its normd subgroup . The group
operationon G is inducedfrom G It can be thought of as
“collapsing' the subgroup  to the identity operator. The
elemerts of G are the synmetry operaors aslisted in Inter-
nationd Tables for Crystdlography (IT C) (Hahn, 1995).The
group operdion on G is a usud symmetry-opeator compo-
sition. We will call the resuting quotient group G a quotiert
crystallgraphicgroup G. It maynot be obviousthat G= isa
group However,this becomeslearwhenone keepsin mind
that elemerns of G are not individual operators but their
equivdenceclassesThe equivalene relation hereis that the
differenceof two operaorsis aninteger linear comhnation of
the primitive translatons Therefae, G de®nedin suc a way
is a group There are many advantagesof usinga quotient
crystallogaphic group instead of a usual crystalographic
spacegroup For example since all spacegroups have an
in®nite number of elements one cannot derive any useful
information from comparing the numberof elementsin these
groups The number of elements of the quotient crydal-
lographic group is useful in many aspectsalso it is a con-
veniert measureof the redundancy of the data.

We representthe action of an elementg 2 G in the real
spaceasfollows:

S T Rxtty .8t

where x 2 y. We will call R, the rotational part of the
symmety operaor relatedto g. SincedetR, "~ 1, it follows
that Ry can be a proper (detR," 1) or an improper
(detRy, "y 1) rotation. We will call t; a (non-primitive)
translatonal part of the synmetry operaor. We stressagain
that,sincex 2 § ~ Z3= ,the symbd x in the formulaaboveis
in fact the equivalenceclass%sS , that is a setof all elemrents
from Z3, whichare equd to x modulo . The actionequation
(8) de®nesan action S* on a functionf on spaey by

Sftxt” f.90xtt f.RY xy ttt

ThisactionS? on the functionsin the real spaceextendsto the
actionS on their Fourier tranformsin redprocal space

Acta Cryst. (2003). A59, 172+182
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SF.ht " eh tF.RINt at

3. Symmetry reduction

Now we will combine the multidimensional Cooley+Tukey
factarization with crystalographic symméry. In this section,
we will derive a symmery-redudion formula. This formula
will allow usto evalate the Fourier tranform in the whole
unit cell by computing P1 Fourier transformof the asymnetric
unit only. Then, in a computatically simpler step the ®nal
resut will be recovered Of course sud algorthmshaveto be
group speci®clet A be a matrix desribing the periodic
computationd grid. ThenjdetAj equalsthe numberof points
in the unit cell. Supposehat for the quotient crygallograghic
groupG thereexistmatricesA, andA , satisfyng (4). Suppse
alsothat these matricesare sud that the numberof elements
of G, denaed by jGj, equalsjdet A ,j:

iG]~ detAyj:
Let ¥, dende
Vo  AgXy .10t
The lattice y ; is depicted in Fig. 1, whereit isreferredto asan

asymnetric lattice. Let f beany functionony thatrespectshe
crystalographic symmeary, that is sud that

f.xt” f.5xt 11t

foranyx2 y andg2 G.
We will requirethat the following assumpbnsare satis@d:
Assumption 1. Grid y can be expresedas a sum of jGj
mutually disjoint setsS,y,, whereg, 2 G, that is

SVol §¥07: for g 6°g
and
S
y © Vo 12t
y ngSgYO
Then,
Vi1 Giiyi

Assumption 2. For everyg 2 G, we have:
Sy-¥ot ™ %Qé_y_o“f X2y 1 x" ctty, and c2V.g

Assumption3. Matrix A commuteswith R, for everyg 2 G:

AR," RGA:

We proceed to the derivation of the symmetry-rediction
formula. In whatfollows ¥, playsthe role of the asymnetric
unit. Assumption 1 meansthat any elenent of ¥ can be
obtained by somesymmedric transformation of someelement
of y,. It follows that, for everyx, there existac2 y, and a
g 2 G suchthat

X" §¢ 13t

From Assumption 2, it followsthat for everyx 2 y there exists
g2 G sud that

X 2 %S,
0
Moreover, for everyx 2 ¥, by the decompositon (5) and since

AgX, 2 ¥, it follows that x, belongsto the sameequivalen@
classasx, namely

Xo 2 %g$,:
Now we canrewrite e, .A] hy; X,tasfollows:
ex-Alhy Xt "~ ey AThy tyF ¢t~ ey AThg; tyfey .Alhy; ct

and

en-Alhy ct ™ e AThy AT~ exp... ihy AJAYIAX T
oL

Therefore,

en-Arhy Xt ™ ey AThy tyt et ™ e Alhy tyh
After substitutihg (13) and the aboveinto (7), we obtain
P
F.ht" en.Athgtyt  f.§ctey.hy; et
Yo

Xp2Xo c2

By equation (11), the function f is invariant underthe action
ofg2 G:

F.nt"

P
X02Xo 2

en-Arhg tst  f.ctes.hy; Set
Yo

From formula (8), describirg the action of the symmety
operator in terms of its rotational and translatioral compo-
nents we obtain

er-hy; Set 7 e hystgtes .y Ryct
Assumgion 3impliesthat A’ 'R, ~ R A% Hence
e .hy; Rct ™ exp...@ ih; AV'Rct
" exp.. iRghy AV'ct
" e .Rghy;ct .14t
From the formulae derived abowe and (14), it follows that

. P T P .
F.ht en-Alhg tyte, . tt fofe, RNy et
g92G (A0

Let usintroducethe synbol Y .h, tasthe Fourier transformof
datain the asymmetrg unit y o:

Y.ht" f.cte, .hy; ctt

c2yo
With this notation,

P
F.nt "™ ey .Afhg tyfes .hy; tyfY RN T
ferte]

Let usintroduce the notation
Z hly th - eA hll th R; th
Finally,

P
F.hyt Afhet ™ e AThy t,1Z 0yt T .15t
G

g2
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The aboveformula showshow to computethe Fourier trans-
form of the unit cell using only P1 Fourier transform of the
asymnetric unit (Y). This way one performs FFT on 15G;j of
the starting numbe of points This is the maximd possible
reduction as one cannotuse fewer points than in the asym-
metric unit. We will show later on that sud& a symmery
reduction is possble for a large numberof spacegroups

A similar reasorling, leadingto the sane ®nalformula (15),
hasbeen performed by Bricogne(1993).Howe\er, he built it
on a more restrictive assunption that A, A, and A; all
commutewith R, for everyg 2 G. Sucha strict assumpbn is
not necessaryand, what is more important, it cannot be
satis®edor someof the most interesting ca®s [e.g.the p3
symméry (Rowicka etal., 2002)].

3.1. Finding a FFT-friendly asymmetric unit

Formula (15) gives the dedred symmetry reduction
providedthat Assumgions 1+3areful®lledby the chose grid
¥, symmetry operatorsfrom the consideredgroup G andthe
asymnetric unit ¥ ,. To ®ndasymnetric units satisfyirg these
conditions is a non-trivial task They do not exst for all the
spacegroups

Algorithms for all the spacegroupsfor whichit is practical
to apply formula (15) are presened below The choice of an
approprliate coordnate systemis a crucial stepin our scheme
To derive solutions we work in a new coordnate system,
which we call a grid coordinatesystemLet x° and x dende
coordnatesof the sane point in the crystalographic and grid
coordnate systens respectively. Let A bea3 3 matrix with
integer entries and let b be a vedor from R®. The trans-
formation betweenthe grid coordnate systen and the stan-
dard crystalographc coordnate systemsis an af®ne
trandormation

X" AX°TE b: .16t

The matrix A hereisthe sane matrix that desribedthe period

lattice  and the grid § [see equation (1)]. The vedor b

correspndsto the shift of the origin of the coordnate system.
We will require b to be suchthat all our data pointswill have
integer coordnates (jdet Aj correspondsto the number of

datapointsin the unit cell). The transformation equaion (16)

will be describa later by giving A and b only.

By Assumption 3, A comnuteswith R for anyg 2 G. Then,
the relation betweenthe symmety operéor .Rg; tgtin the
crystalographic coordnate systen and in the grid coordnate
system.R; t,tis the following:

Ry~

R and t;”..1y Ryt Atg:

As will be shownin the next sectio, the shift introducedby b
will inducephaseshiftsin formulaefor symmetryoperatorsin
thereciprocal spaceWe will computethe Fourier transformin
the grid coordnate systemonly.

4. Examplesof algorithms

Particula comgdexitiesof the algorithmwill nowbeillustrated
by a few exampks The examplesgiven will cover all typesof
algorithms that appearin AppendixA. The ®rstoneis the p4
group It is then followed by a primitive orthorhombic or
tetragonalspace group The exampe of p3 has alreadybeen
describa in Rowicka etal. (2002).There, however, we strove
to avoid heavy mathemaics In the presen paper, this
exampe isde<ribedin a different way; it introducesan issue
of a subgriddescribe& by a non-diagonalmatrix. We will also
sketchout the algorithm for the P6 group

4.1. Planegroup p4

This classof algorithmsis denotedby 2x2y in AppendixA.
The planegroupp4 isthe simplest planegroupwith afourfold
symmety axis Thesymméry operatorsin the crystalographic
coordinatesare x; y andy x; y y andy y; x andy; y x.

In this casethe grid coordnate systemis describel by

2N O y

A 02Nandby

NN

whereN isapostive integer relatedto the numberof pointsin
the unit cell. Let

2 0
0 2

N O

Ay” and A" 0 N
Obsenethat A~ A,A,. Thegrid y, de®nedasy ~ Z?=AZ?
hasin this casethe form
y- X 'x;y2f0;14,2...;2Ny 1g :
Y a

The subsmceX,” Z?=A,Z? consistof four vedors:

( 0 1 0 1 :
Xo” . ; ,
0 0 0 4 1 4 1 4
Here, A, denotesan equivéence classof the vedor 3,
de®nedas
0 . ...~ 20 n . 2n .
0 N X2y:X 02 m 2m,n,mZZ.

It mearsthat this equivalenceclassconsistf theseelenments
of y whosex andy coordnatesare both even.By analog,

1 -
0

2 0 n
02 m

1 . 2nt1

iO 2m

X2y:x~ ynm2Z

Ao
All elerentsof this equivalene classhavetheir x coordinae
odd andy coordinateeven.The other two equivalenceclasse
contain points with x coordnate evenand y coordinate odd,
and with both x andy coordnatesodd, respectively.
On the other hand,

X," Z%=A,7?
(
. o 0 Ny 1 Ny 1 _
0 All 1 Al,”., Ny2 Al, Ny 1 Al-
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Here, the equivalen® classesare taken with respect to a
different relation. For exampeg, if N> 7,

n¢3A

0 nNt 3
N m 7

mN it 7

3 . ...~ N . .
7 N X2Vy:Xx 0 cnm2Z
Sincex is alsoan equivdenceclassitself (its coordnatesare
undestood to be modulo 2N), then there are only four

elementsin this equivalerce class:

3 . 3. 3
7 7' N7’

Nt 3
Nt 7

Nt 3 .
Aq 7 ’
The numberof elemensof X, isjdetAj5Gj~ .2NF=4" N2
Every element x 2 y has a unique decomposion

. 2 0.
X“ X%t g g X

where X,2 X, and X; 2 X;. The asymmet unit is
yOA AOX1'

. 2 0 ~ 2 0
yO 0 2 .

2X, ° :
2 ! 0
Obsene that the numberof pointsin the asymnetric unit y  is
N2 and it isthe sane as the numberof pointsin X;.

The asymmetrg unit y , is depicted in Fig. 4, it consistsof
points lying in the centresof red square In this ®gure the
bladk outline denotesa traditional choice of the unit cell.
Obsene that, owing to the af@he chargeof coordnate system,
there are no points in special positions not only in the
asymnetric unit but alsoin the entire unit cell.

Let the clockwiserotation by 90 aroundthe origin of the
crystalographic coordinae systembe denaded by . Then,in
the grid coordnate systen,

OlanthOZO

R~ . :
yl O y1 1 A

Let uscheckhow the group G actson the elemers of V

Figure 4

Exampleof the 2x2y subgriddecompositiorfor p4 symmetrygroup and
for N™ 8,thatisfor a1l6 16grid y. The asymmetricunit consistsof
centresof red colouredsquaresEquivalently one canchoosesquaresof
any other colour asan asymmetricunit aswell.

2 . 012 , 0. 2
y2y1-

2 y1 0 2 g1
Thismearsthat the imageunderthe actionof symméery group
elemen onanypoint with both even coordinatesbelongsto
the equivdenceclassof vectort :

S

2 - 2 0
S 2 y2y12 1 AO'
By analogy
~ y1 O ~ y1 1
R 0 y1 and t . yl 2 1 N
Hence
2 yl 0 2 y 1
s, - YR + )
2 0O y1 2 y1
. y2y1 5 1 _
y2y1l 1 AO'
Finally,
~. 0 y1 -~ y1 1
R s 1 0 and t; 0 2 0 N
Then,
2 0 y1 2 y 1
S, ~ Y y Y
2 1 0 2 0
y2 v 1 1
~ Yzy 2 :
2 0 A,

Let usprepareto applythe symmety redudion formula (15).
Let h beanyelementof the reciprocallatticey .y isde®ned
asfollows:

X

y " Z%=ATZz2" X y2f0;1;2...;2Ny 1g :

Every suchh 2 § hasa unique decompmsition

Figure 5

The FFT-asymmetricunit in the reciprocal spacefor p4 symmetryis
colouredblue. The other coloursdenoteits symmetriccopies(up to the
phaseshift). Here we usethe samesymbolsfor symmetryelementsbut
actual formulae for symmetryoperatorsin the reciprocal spacediffer
from thosein the real spaceby phaseshifts
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- N O
h™ h 0 N ho;
where
hy2 X, ° (zzzAgzz |
. o 1 0o 1
0 AO’ 0 AO’ 1 AO’ 1 4,
and
hy2 X, " (ZZ:AIZZ‘ X,
. o 0 Ny1  Ny1 _
0 A 1 .77 Ny2 o' Ny1 . °

Note that in this caseA ~ AT andthe sameholdsfor A, and
A,. By (9), the synmetryoperéaor in the redprocalspaceS in
this cag is

sg M -, P 0O _ 0yl h
k "k oyl 1 0 k
e u2ih Kk FN O 0 yk
by 0 =N yi1 h

R ik y k

exp N F h
Finally,

S F.h; kT~ exp...ik=N1iF...%; ht A7t
By analogy

S F.h;kt ™ exp%d.h i KENF...9; y kT
S F.h; kt "~ exp...ih=N1F.k; y ht:

The phaseshifts are due to the changeof the origin of the
coordnate system(16). SinceS;F.ht = F.htfor everyg 2 G,
it follows from (17) that

F.N;NT™y FLOWN;NT ™ ¢ F.N;NT,
S0
F.N;NT~ O
Analogously using the symmetry operatorS ,, one canprove
that
F.N;OF" 0 and F.ONT™ O

By the Shamon interpolation formula (Shannon 1949),
valuesof the Fourier transformat points with modulusof h

above a maximum resolution are not linearly independent.

Thisphenonenonocairsfor anygrid choice For our choice it
causegerosin the points .N; NT, .N; Otand .0; N*.

A minimal setof pointsat whichthe Fourier transformmust
be evaluded in order to retrieve the Fourier trandorm in the
whole unit cell will be called a FFT-asynmetic unit in the
reciprocal space It might seemat ®rstglancethat a good
choice of a FFT-asymnetric unit in reciprocal spaceis X,
which is dual to ¥, the asymnetric unit in the real space
However, from (17), it followsthat

SF.h;Of © F.Q; ht:

Therefore sincewewantto haveonly independentdata in the
FFT-asymmeatic unit in the reciprocal space the goodchoice
of sucha unit will be similarto X, , with points

o . 0o . . 0

1A 2 77 Nyl
replacedby

N N L N

1, 2 5777 Nyl -

The FFT-asymnetric unit in the reciprocalspaces depicted in
Fig. 5.

In practice it iseager to computeY in X, , andadditionally
in the N above points At the end, one canrecongruct the
Fourier transform of the whole unit cell usingformula (15):

F.ht” Z.h;tt3Zht 1320t 320t s7

F.h, ¥ Negt™ Z.hgtt1Z.ht Ty Z.htotyZ.ohgtst
F.ht Net ™ ZhttyZ.ht 1y Z.hyt.t1Z.hyt o
F.h, ¥ Ne, ¥ Ne,t ™ Z.h;ttyZ.hy;t T3Z.hy;tTyZ.hy;tsth

Hints and tips regardng implementation are discused in
Rowickaetal. (2002),wherethe p3 synmmetry groupis usedas
the example The sane decompodion as for the p4 group
works alsofor all other primitive orthorhombic groups with
four elements and also for some primitive four-elenent
tetragonalgroups(for details seeAppendix A). In particular,
the symmetry operaorsfor the spacegroup P4 arethe sameas
for the planegroup p4, if oneneglectgheir trivial action along
the z axis Therefore, the symmety-reducton algorithm for
the P4 symmetry group is exactly the sane as for the p4
symmety andis desribed by

Name Vectory b Matrix A

P4 3+3;0f

Algorithm
2x2y

2ix; 2y

4.2. Primitive orthorhombic or tetragonal groups

All primitive orthorhombicgroupswith eight elementsand
someeightelemen primitive tetragonalgroupscanbe solved
by the algorithm describel below These algorithms will be
denotedby 2x2y2z in Appendix A

The transition to the grid coordnate systemnis describa by

A and b "y leted et

The matrix A in this caseis givenby

2 3 2 3
2N 0 0 2N 0 O

Apn> 40 2M 05 or A~ 40 N 053;
0 0 2P 0 0 2M

whereN, M and P are positive integers The matrix A, is
usedin the caseof the orthorhombic spacegroupsand the
matrix A, for tetragonad ones The asymnetric unit in both
caseds describel by the same matrix Ay
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2 3
2 00

A, 40 2 05:
0 02

The grid decompsition and the asymnetric unit is depictedin
Fig. 6.

A genealization from the 2x2y algorithm to the 2x2y2z
algorithm is straichtforward. Bascally, there is no funda-
mentd difference betweenx, y and z directions in this case

Examples of the the 2x2y2z algorithm are the Pmmm
group, whichis orthorhombic, and the P4=m group, which is
tetragmal:

Name Vectory b Matrix A Algorithm
Pmmm % %; %T 2ix; 2y; 2jz 2x2y2z
P4=m 3350 2ix; 2jy:2jz 2x2y2z

Sinceit is very similar to the 2x2y case we can skip the
detailed explanation and procesd to the p3 symméry case
wherenew dif®cultiesarise

4.3. The p3 symmetry

This algorithm will be denotedby 3(x+y) in Appendix A.

In the p3 synmetry case the af®netransfornation from
the crystalographt coordnate systen to the grid coordnate
systen is givenby

- 10 N
A 3NOl and b"y 3

whereN is a postive integer. Moreover,

0 1 N N

A, 3 y1 and A,

The equivalerce classe are de®nedas

“ 0O 1 n . m

X2y:X 3 y1 m 3nym;n;mZZ:

0
0

Ao

Figure 6

Example of 2x2y2z subgrid decomposition.The grid points are in the
centresof the colouredcubesA setof colouredcubesof any colouris a
valid choiceof an asymmetricunit.

In thisequivalenceclassareall elementsfrom the original grid
y, whosesum of x and y coordinatesis divisible by 3. By
analog,

mt 1l

1 ~ X2V X" n 1 .
Y- 3ny m

1
.. nm2Z .
0 A 3 y1 m 0

In thisequivdenceclassareall elementfromy , whosesumof
x and y coordnatesequals1 modulo 3. The third equivalen@
classcontairs points whosesumof x andy coordnatesequals
2 modulo 3.

In this case
( 0 1 2 )
X" Z%=AZ2" : :
0 0 0 Ao 0 Ao 0 A
On the other hand,
X, Z%=A,Z?
) o 0 Ny 1 Ny 1
0o 1 ' 3Ny2 ' 3Ny1
Moreover,
Vo o AgXy
0 1
g i} ; 2 7%=A,77 ° :
3 y1 0 4,

Let the counterclakwiserotation by 120 aroundthe origin of
the crystallogaphic coordnate systen be denaed . Then
G f g ; ?g The symmety operaors are given in the grid
coordinaesby

. 0 y1 . y1 2
R g and t 2 .18t
1 y1 0 0 4,
yl 1 y 1 1
R." y and t." y 2 . 19t
y1 0 y1 0 4
Similarly, asin the caseof p4 symmety, one cancheck that
oA 2 O |
S Yot and S..y,t
0 0 4, 0 0 4

The subgridy , (asymnetric unit) is depicted in Fig. 7 by the
blue rhombi. The greenrhombi symbdize elementsof S 2.y, 1,
whileyellow onesbelongto S .y., T The synmetry operatorsin

Figure 7

Subgriddecompositiorfor p3 group for N © 3. The datapoint locations
are symbolizedby black dots The asymmetricunit ¥, consistsof data
points locatedin blue rhombi.
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Table 1

Algorithms for crystallographid=FT with one-stepsymmetryreducion;
columnsl and 2: crystallographicgroup numberand symbol;column 3:
numberof elementsgolumn4: origin shift; column5: minimal divisibility
conditionsfor unit-cell sides;column6: algorithmtype (seex4).

ITC No. Name iGj Vectory b Matrix A Algorithm.
2 P1 2 320, 0t 2jx 2x

3 P121 2 5. 0;0f 2jx 2X
3alt P112 2 550, 0t 2jx 2x

4 P121 2 5.0, 0t 2ix; 2}y 2x

4 alt P112 2 5. 0,0t 2ix; 2jz 2%

6 Pim1 2 .Q; 3; 0t 2y 2y

7 Picl 2 .g 1,0t 2y; 2jz 2y

10 P12=m1 4 i1 0t 2ix; 2ly; 2z 2x2y
11 P12=m1 4 5235, 0t 2x; 4y 2x2y
13 P12l 4 L:1.ot 2ix; 2y; 2z 2x2y
14 P12,=cl 4 O34t 4y 4z 2y2z
16 P222 4 011t 2y; 2jz 2y2z
17 pP222 4 3.0 ;T 2ix; 2jz 2x2z
18 P2,2,2 4 52, 0f 4ix; 4jy 2x2y
18alt P2,2,2a 4 .3, 0 4x; 2y 2x2y
19 P2,2,2, 4 504t 4ix; 2y, 2z 2x2z
25 Pmn2 4 .5, 0F 2x; 2y 2x2y
26 Pme, 4 .3, 0 2ix; 2jy; 2jz 2x2y
27 Pc@ 4 .3, 0 2ix; 2ly; )z 2x2y
28 Pma2 4 . 5.0t 4x; 2y 2x2y
29 Pca2, 4 .30t 4ix; 2ly; 2z 2x2y
30 Pn2 4 53 0F 2ix; 4jy; 2jz 2x2y
31 Pmn2, 4 530t 2x; 2ly; 2z 2x2y
32 Pba2 4 .5: 0t 4x; 4y 2x2y
33 Pna2; 4 53, 0f 4ix; 4jy; 2jz 2x2y
34 Pnn2 4 .3, 0 4ix; 4jy; 2jz 2x2y
a7 Pmmm 8 TR 2ix; 2jy; 2jz 2x2y2z
48 Pnnn 8 150 5T 4ix; 4jy; 4z 2x2y2z
49 Pccm 8 551 2ix; 2jy; 4jz 2x2y2z
50 Pban 8 i3 5T 4ix; 4iy; iz 2x2y2z
51 Pmma 8 155 5T 4ix; 2jy; 2jz 2x2y2z
52 Pnna 8 551 4ix; 4jy; 4z 2x2y2z
53 Pmna 8 il 4x; 2y, 4z 2x2y2z
54 Pcca 8 15551 4ix; 2jy; 4z 2x2y2z
55 Pbam 8 il 4ix; 4jy; 2z 2x2y2z
56 Pccn 8 i35 5T 4ix; 4jy; 2jz 2x2y2z
57 Pbcm 8 1535 2ix; 4jy; 4jz 2x2y2z
58 Pnnm 8 il 4ix; 4jy; 2jz 2x2y2z
59 Pmmn 8 1555 2ix; 2jy; 2jz 2x2y2z
59alt Pmmr2 8 S H1 4ix; 4jy; 2z 2x2y2z
60 Pbcn 8 55T 4x; 2ly; 4z 2x2y2z
61 Pbca 8 a5 5T 4ix; 4jy; 4z 2x2y2z
62 Pnma 8 555t 4ix; 4jy; 4z 2x2y2z
75 P4 4 .3, 0F 2ix; 2y 2x2y
76 P4, 4 .5, 0fF 2ix; 2y, 4jz 2x2y
77 P4, 4 .3, 0 2ix; 2y; 2jz 2x2y
78 P4, 4 53, 0F 2ix; 2jy; 4jz 2x2y
81 P4 4 .5, 0 2ix; 2}y 2x2y
83 P4=m 8 a3 it 2ix; 2ly; 9z 2x2y2z
84 P4,=m 8 S3 3t 2ix; 2ly; 2z 2x2y2z
85 P4=n 8 524t 2ix; 2ly; 2z 2x2y2z
86 P4,=n 8 TRl 2ix; 2jy; 4jz 2x2y2z
89 P422 8 544t 2ix;2ly; 2z 2x2y2z
20 P422 8 S H 2ix; 2y; 2jz 2x2y2z
91 P4,22 8 55T 2ix; 2y; 8z 2x2y2z
92 P4,2,2 8 s 5551 2ix; 2y, 4jz 2x2y2z
93 P4,22 8 535t 2ix; 2jy; 4jz 2x2y2z
94 P4,2,2 8 55T 2ix; 2ly; 2z 2x2y2z
94 alt P4,2,2a 8 s 5551 4ix; 4jy; 4z 2x2y2z
95 P4,22 8 53T 2ix; 2jy; 8jz 2x2y2z
96 P4,2,2 8 53 5T 2ix; 2jy; 4jz 2x2y2z
115 P4m2 8 524t 2ix; 2ly; 2z 2x2y2z
116 P4c2 8 1355 2ix; 2jy; 4jz 2x2y2z
117 P4b2 8 1l 2ix; 2ly; 2z 2x2y2z
118 P4n2 8 15 5T 2ix; 2jy; 4jz 2x2y2z
143 P3 3 . %; 0F 3ix; 3y 3(x+y)
144 P3; 3 ;3. 0f 3ix; 3jy; 3jz 3(x+y)

Table 1 (continued)

ITC No. Name iGj Vectory b Matrix A Algorithm.
145 P3, 3 % % ot 3% 3y; 3z 3(x+y)
149 P312 6 $y %‘r 3x:3y; 2z 3(x+y) 2z
151 P3,12 6 M 3ix; 3jy; 6jz 3(x+y) 2z
153 P3,12 6 .5.; i; i“r 3jx; 3jy; 6jz 3(x+y) 2z
174 P6 6 % g ;T 3ix; 3jy; 2jz 3(x+y) 2z

the reciproal space are given by (9). The ®nal symmetry-
reduction formulae are the following:

F.ht” Zoht+Z, 0T +Z,.0t
F.h f N.e F ettt Zo.htyexp..i=31Z,.hT fexp.2 i=31Z,.h; T
F.n, ¥ 2N.e F e, 11 Zy.h T Ffexp2 i=31Z,.h, Ty exp...i=31Z,.h, T

This algorithmis depicted in Appendix A as

Matrix A
3ix; 3jy

Name Vectory b

P3 23,0t

Algorithm
3(x+y)

The caseof the p3 symmety with pointsin specal postions
will be addressedin Rowickaetal. (200d).

4.4. The P6 group
Thiskind of decompositonisrepresental in AppendixA as

Matrix A
3ix; 3jy; 4z

Name Vectory b

P6 A

Algorithm
3(x+y) 2z

This may seemto be a two-step algorithm, but actually
3(x+y) 2z denotesaone-st@ symmery reduction, with matrix
A, beingthe product of matricesdesribing 3(x+y) and 2z
decompodions:

2 3
0 1 0

A, 43 y1 05:
0 0 2

We will not go into details, sincethey canbe easilydeduced
from the previousy describedcases

5. Discussion

We have shown how to reduce for 67 spae groups the
evaluation of the unit-cell FFT to calculathg P1 FFT in the
asymmetrt unit. Thus onecanpro® from a substanial effort
madein developing very ef®cientP1l FFT routines (e.g.Frigo
& Johnson 1998;Intel, 2001).

All crystallogaphicgroupsdiscussé in this papersharethe
useof a non-standard asymmetrt unit. Qur asymnetric unit
retainsthe periodicity of the unit cell, soit is automatcally
non-cortiguous Thisis not a problem aslong as one performs
point operaions (for exampk multiplying electrondensityby
afunction) or convolutions (which are point operaionsin the
recipro@l space)Howeer,in someapplicatiang acontiguots
asymmetre unit is needed. A single pemutation is then
necessaryo changeour asymnetric unit into any contiguots
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one At the end of the Fourier transform,a reordering of data
(bit reversal'),whichis alsoa permuation, is neeced anyway
Sincecompositon of two permmutationsis alsoa permutation,
the changeof the asymnetric unit may easilybe incorporated
into the bit reversalprocedue caushg no lossof ef®ciency

Another possiblesoure of problemsis that the coordnate
systen we used has its origin shifted with respet to the
traditional one This shift is of no cons@uenceto the appli-
cation of the FFT, exaept for the obvious requirement that
other modules use the same coordnate system.This may
cause incompatiklites with some existing programs
Howewer, conventions used in these programs have no
fundamental justi®catbn and adjusting them should require
only minimal charges Moreover,in pape |V (Rowicka etal.,
200d), wewill presentconceptally more comdex algorithms
that allow for a conventianal choiceof coordnate system(i.e.
with symmety axesgoing through the origin).

The symmety-reducton formula does not provide full
synmetry reduction for all spacegroups Thosethat cannotbe
solvedby this method fall into one of three following ca®s
First, the mostobviousobstacle for applicatian of this formula
is non-eistenceof a computatianal grid without points in
specal positions This applies amorg others to all cubic
groups The algorithms for such caseswill be preserted in
pape V. Secondthe synmetry-reduction formula cannotbe
alsoapplied to centredlattices+ the asymmetrt unit in sucha
casecannotbe describel by a matrix A,, as in (10). These
casesin whichthe symméry-reduction formula leadsto only
partial symméry reduction, will be comgetely solvedin paper
Il (Rowickaetal., 2003&). The third classn whichwe canrot
apply our synmetry-reduction formula are groups containing
the symméry operdaors like y; x; z+ 1. Becauseof the trans-
lation along the z axis they may have no points in special
postions however, this does not make dealing with the
diagond mirror operaor y; x in the XY plane any easie.
Cases similar to this one will be coverel alsoin pape 1V.

APPENDIXA
Table of algorithms

Table 1 describes the algorithms for speci®ccrydallographic
spacegroups Eachrow startswith the ITC numbe and name
of the group (alternaive description of the samegroup are
marked by alt). Following is the number of symmety opera-
tors denoted by jGj. It isapproximately equal to the increase
in speed and reduction of memory usaye achieved by using

our algorithms Thenwe list the vedors y b andthe matrix A

that de®nethe grid coordnate systen by (16). For exampg,

the synbols 2jx; 2jy; 4jz given as a description of matrix A

shouldbe understoodasfollows:

2 3
2N 0 O
A~40 v 05;

0 0 40

whereN, M and Q are arbitrary postive integers(this is for
exampe the case of the Pccm group), and N~ M for
tetragona (for exampk for the P4,22 group) or trigonal
groups

There are various origins of requirementsimposedon the
entries of matrix A. First, if our algorithm is to take every
secondpoint alongx, y and z axeswe wantto makesure®rst
that the number of points along these axesis even. This
requirement would lead to condition 2jx; 2jy; 2jz. Another
reasonwe impose additional conditions is that we want the
computdional grid to be invariant under the action of
symmety operaors.

The last columncontdns a list of basicalgorithms used.

Symlol explnation 2x: regular subgridconsistng of every
secondoint alongthe x axis(a very similar2z ismentionedin
x4.4).2x2y: reqular subgid consistng of every seond point
along x and y axes(disaussedin x4.1, depicted in Fig. 4).
2x2y2z: regular subgid consisthg of every seond point
alongx, y and z axes(seex4.2and Fig. 6). 3(x+y): subgid of
x 1 y divisible by 3 (seex4.3and Fig. 7).

The authors are gratefd to Keith Hendersam, Adam
Gékecki and Jan Zelinka for stimulating discussionsand to
Marek Koenig for preparing illustrations and tables This
researchwassupportedby NIH grantNo. 53163
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