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preseried. Thes algorithms can be applied to 80 space groups containing
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1. Introduction

This is the third in the series of articlesdescribirg our algor
ithms for evaluatim of the crystalographic fast Fourier
trandorm (FFT). Recenly, we have preseried explicit
schemedgor one-stepsynmetry reduction for 67 spacegroups
in papers| andll (Rowickaetal., 20022003a). As many as80
of the remaining spacegroupscontain centring translatons
We devotethis pape to reducingsymmety induced by these
centrings We will show how to achieve maximal symmry
reduction for 44 groups To this end, we will comkne the
symméry-reduction formula presentedin paper |l with the
here presented algorithms that take care of centring. To
achievemaximd synmetry reduction for the remainirg 36
groupscontaning centringoperaors, the algorithm describel
hasto be comhined with a new schemedealing with data
pointsin special positiors Sucha sclkemewill be presered in
paperlV (Rowickaetal., 200D).

The article is organizedas follows In X2, we introduce
mathemaical notionsand notation we will uselater on. In x3,
we propose algorithms for centred lattices In x4, we offer
remarks on how different choicesof algorithms restrict grid
sizes Next, in x5, we showhow to comhine the symméry-
reduction formulawith the treatmentof centredlattices In x6,
requirements limitations and future developnent and appli-
cation of our algorithms are discussedin AppendicesA and
B, we provide detaied description of the algorithm for speci®c
crystalographic groups

2. Mathematical notions and notation

As in paperll, we follow the moden approachof Bricogne
(1993) and henceuse a similar notation. Let Z denote the
set of all integers and Z® dende the Cartesian product
Z Z Z.Matricesandvedors will be written in bold type.
The standad basisvectorsof Z* will be denotedby e,, e, and
e;. Our goalis to compute discree Fourier transforns of a

in prepaation], are needed.The requirementson the grid sizeand how they
interact with the choiceof algorthmsare alsodiscussé in detail.

periodic function f de®nedon Z*. Sucha function will have
the periodicity of the underlying crystal strudure, desribed
bya3 3matrixwith integer entries A. From nowon, wewill
requirethat A beinvertible (thatis, that its deterninantis not
equalto zero:detA 6" 0). The periodicity condition reads

f.xf tt” f.xfg
wherex 2 Z* and
t2 AZ3"f x2 Z%: there existsa y 2 Z° suchthat x~ Ayg
As in pape |, we will usethe following equivdencerelation
YR.X, YV x2 AZ*:

This meansthat x andy arein the relation R, if and only if
they havethe sare crystalographic coordnates The equiva
lenceclassof x (with respectto the relation R ,) will be

%S “fy22%:yy x2AZ%
Another usdul notion is that of a quotiert space(see also
Rowickaetal., 2002%; Bricogne 1993).In this article, we deal
with the quotient space of Z* by AZ*:
Z3=AZ3"f %S - x2 Z%

The notion of a quotient spaceallowsusto describeperiod-
icity condtions in a very convernent way Instead of viewing f
as a periodic function, it can be equivdently considerel as
de®nedn the setof the equivalene classesZ*=AZ3. Let us
introduce the notation

VA VA At
and
y ~ ZS=ATZS;
whereA " denaesthe transposiion of matrix A. The spacey
isaspaedualto . Its elementsare covectorsi.e.objectsdual

to vectors Covedorswill alsobe printedin bold type andthey
will be, whenthere is no risk of confusion, alsoreferred to as
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vedors. The scalarproduct of a covector h 2 y anda vedor
X 2 y, expressedin standardbasesreads

h x"..he T ke, I let xe t ye, & ze;t ™ hxt ky f Iz;

where h; k; I; x; y; z 2 Z. We shall use a shorthand notation
e, .h; xtfor a coef®ciat (alsocalled twiddlefactar') that will
ocaur frequently throughaut this paper:

e x T exp..@ ih AYIxt
This synmbol has the following properties:

e.0F hix T es.gxef.hyx t
e-hixty Te.hyxe.hyy T

foranygh2y and x;y2 V. Let f be a comdex-valual

function on y, wherey is givenby (1). The Fourier transform

of functionf will be denotedby F and for anyh 2 y de®ned
by

P
F.nt~  f.xie,.h;x:t 2t
X2y
For simplicity, in the abowe formula, we have omitted the
normdization constantlgjdetAj.

2.1. Crystallographic group action

Let G denae the quotient (or factor) crydallographic space
group(Bricogne 1993Rowidka etal., 2003). The elenentsof
G arethe symmetry operaors aslisted in Internationd Tables
for Crydallography(ITC) (Hahn, 1995). The group operation
in G is the ordinary compositon of symmetry operators

We represat the action of an element g2 G in the red
spaceasfollows:

S§-xt ™ Ryx ¥ty 3t

where x2 y. We will call R, the rotationd part of the
synmetry operator related to g. SincedetR,~ 1, it follows
that R, canbe either a proper (detR, " 1) or an improper
(detRy "y 1) rotation. We will call t; a translational part
of the synmetry operaor. We stress again that, since
x2 Y~ Z3=AZ3 the symbad x in the formula aboveis in fact

>
X

N
Figure 1
C-facecentring,real space Sectionat z~ 0 is shown.The asymmetric
unit is coloured red. The dashedarea is the domain of de®nition of
functionsf; andf,.

the equivalenceclass%S . The action (3) de®nesan action S*
on afunction f on spacey by

Sftxt ™ £.g%xtt f.RY XY tytt

ThisactionS* onthe functionsin the real spaeexterdsto the
action S on their Fourier transformsin the reciprocalspace:

SFht " e bt F.RYAT At

3. Algorithms

In paperll, the synmetry-redwction formula combiningthe
multidimensional Cooley+Tikey factorization with crystal-
lographic synmetry wasderived,andthe condtions of its use
werediscussedt wasshownthat for somegroupsthisformula
allows maximal symmety reduction to be achievedin one
step

Howe\er, after performing this symmetryreduction what
may remain in somespacegroupsis a non-primitive transla-
tional symmetry(centring). These are the casesthis article
dealswith. No asymnetric unit in suchcasesanbe described
by a decompmsition matrix [suchas A, in formula (10) of
paperll], asopposel to the spacegroupswe consiceredsofar.
As a result, the centring operatorscanrot be treatedby the
Cooley+Tikey type of decompsition.

Therefore, we proposea setof algorithmsto treat centring-
induced symmetry. This time, we choosean asymnetric unit
that will be a contiguots set. It will be similar to FFT-asym-
metric units in the reciproal space in paperll. One canalso
associatea matrix with it, but the relationship between the
grid andits matrix will be different from that in paperll. One
canexpectthat the sizeof the asymmetrt unit will be 15Gj,
wherejGj is the numberof elementsin the subgroyp gener
ated by the centring symmery operators However, as will
becomeclear soon, it is more convenent to chooseas an
asymmetr¢ unit only half, one-quarter or even one-ninth of
these points but considertwo, four or nine, respectiely,

Figure 2

C-face centring, reciprocal space Sectionat | © 0. Centresof colored
squaredorm the FFT-asymmetriaunit, red squaresymbolizeF, .hyTand
blue onesF,.hyT The Fourier transform equalszero at the centresof
white squares
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indeperdent functions on thesepoints Thusthe sameamount
of information is encoded but in a more converent way We
will usesimilar methodsto dealwith all typesof centrings We
will treat the centring-inducel synmetry reduction as an
indeperdent step It mears that, for a given crysallographic
group we take a subgoup generat@ by centringoperatorsas
our starting symmaery group. We will also introduce new
matrices A, describirg condtions imposeal on the computa-
tional grid solelyby centringoperators The synbolsAc, A,,
A, A, and Ay will denae matricesdescribingcomputaional
grids for C-face centring, A-face centring, all-face centring,
body centring and rhombohedral centring,respectiely:

2 3 2
N 0 0 N 0 0
Ac" 90 am 0 A" 80 am o08;
L2 0 Q4 9 0 R 4
N 0 0 3N 0 0
Ac-A80 M 08 A %0 am o08;
0 0 20 0 0 3Q

where N, M and Q are positive integers In each of the
subseqgent subsetions dealing with a spei®ccentring, we
will omit indicesin matricesA indicatingthe centring type.

Let T,, T, and T, denae non-primitive translation opera-
tors

I ftxt ™ f.xf Net
Tftxt” f.x3 Me,t
Tt f.xt Qegt:

Let | denae the identity operaor. Then,for all centringtypes
excep for rhombahedral centring,

TZ7 1 and T;7 1 and TZ7 I
For the rhombohedrd centring,

T:" 1 and T)° 1 and TJ7 I

Figure 3

All-face centring, real space The set ¥, the domain of de®nitionof
functionsf, andf, is colouredred. Its volumeis one-eighthof the unit
cell, it correspondgo half of the asymmetricunit.

3.1. C-face centred lattices

Here A~ Ac. This type of centring occurswhenever the
crystallogaphicgroupcontairsthe operatorx + ;y 1 1;z.In
this casethe asymnetric unit may be chose to consistof all
grid points that have coordinates in the following range:
X" 0..;Ny Ly 0...;2My 1 and 2" G;...;QVy 1.
The asymnetric unit describel aboveis presentedin Fig. 1.

To havea more condse notation for this kind of subse, let
usintroducematrices

2 3 2 3
2 00 N 0 O
A,” 40 2 05, A,"40 M 05;
0 01 0 0 Q
suchthat
A" KA,
Let y, be
Vo Z3=A,Z%
Figure 4

FFT-asymmetricunit in the reciprocal spacefor all-face centring. The
Fourier transform behavedifferently in planeswith | even (left panel)
and| odd (right panel). The Fourier transformequalszeroin the centres
of blank squares Centres of the coloured squaresform the FFT-
asymmetricunit in the reciprocd space Red denotesF,.hyT and blue
denotesF,.hyT

Figure 5

FFT-asymmetricunit in the reciprocal spacefor body centring. The
Fourier transformequalszeroin different placesdependingon the parity
of coordinatel. F,.hyTis denotedred, F,.h,tis denotedblue, F;.h,tis
denotedgreenand F,.h,Tis denotedyellow
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The tilde abowe the matrix synbol ¥, indicatesthat y , from
pape |l is not the sarre as ¥, here and that the above rela-
tionship between A; and ¥, is different from that betweenA ;
andy, describel in paper I1.

Let uscompute the Fourier transform

P P
F.ht~ fuxiey.hyxt™  ff.xfe, .h;xt
x2y X2V

LT, T ftxtes by .xt Ne, $ Me,tt
T .Tftxte, by xt Me tH T,ftxte,.h; .x+ Nettg
Note that
ey .h; . x¥ Me, 1 exp...k itfe,.h; xt
e.h; . Xt Ne ¥ Me,t1 exphoyhd kt i®,.h; xt
e, .h; .x1 Ne 1 exp..h ife,.h; xt
Moreover, by symmety,
fxt ™ T, Tftxt

Thus
F.ht " P f13 expoyi.nt ktSg.h; xif .xt
X2
T exp.yiktfLi exphhoyi.nF ktSg by xt T ftxt
X2¥o

At
Analogouslyasin paper I, one canuniquely decommseh as
h™ Aghyf hy; .6t

whereh, 2 Z3=A,73and h, 2 Z3=A,Z® " O;e;; e, e, T €0
Hence taking into accountthe formula (5), we obtain

F.&hy¥ et" 0 and F.A)hyF e, O
For x 2 ¥y, let usde®ne
foxt ™ 2.fixt 3 T ftxtgf 2.1ff T gtxt
fo.xt "™ 26,60 F T xtf.xty . T ftxtg
T 2660 T xt. Ly T, gTxE:
With this notation,

P
FAhT ™ frxles Aoh; xt ~ Fphot
X2¥o
F.tho i el :t ezT -~ fz.x.—'eA .tho; XT . Fz.hot
X2¥o

This meanghat, in order to evauatethe Fourier trandorm of
f on the computatioral grid de®nedby V, it is enough to
compute Fourier trandormsF,; andF, of functionsf, andf, on
the computaticnal grid de®rd by y,,. The sizeof this grid is
one-quarter of that of the original grid. The FFT-asymmetic
unit in the reciprocal space(see paper Il for de®nition) is
shownin Fig. 2.
This algorithm is denotedby CCent. in Appendix A.

3.2. A-face centred lattices

In this subsetion,A = A ,. Now the symméry operdor is
X;yt 3;z% 3 =0 the entire reasoningremainsthe sameasin

the previous ca®, we only substitute z coordnates for x
coordinges In particular, the functionsf, andf, are givenby

foxt ™ 2.0ff T,dtxt
fo.xt” 2e,..e,% et xt. Ly T, txt:

This algorithm is denoted by ACent. in Appendix A.

3.3. All-face centred lattices

Here A~ Ag. Such a centring ocairs wherever the
symmety operaorsx;y  1; z ¥ 3 (inducing C-facecentring)
and xF 1;y 1 3;z (inducing A-face centring) appear toge-
ther. In this case we choose A," 2I; where I; denotes
the 3 3 identity matrix. Then, A;~ AA%®. As usual,
Vo Z%=A,Z3 (Fig. 3).

Let usdenote

f..xt ™ 4.0fF T, Txt

f,.xt " 4ey.e; xt. Ly T,g txt:
These functionsare de®nedon ¥, whichis depictedin Fig. 3.
Then, for h, 2 Z3=A,Z3, we have

F.&ghyt ™ Fi.hgt
FAhh Tt etetfet” F.ht
This providesa recipe for the Fourier transformin points of
the reciprocal spacewhosecoordinates are either all evenor
all odd.It canbe shownthat the Fourier transformequalszero
in all other points of the FFT unit cell, namely
F.&hF et 0
F.thoi ezT : O
F.&h T et 0
FAh T efet™0
F.Ahtefet 0
FANhTetet O

The FFT-asymmetric unit in the reciprocal space is shownin
Fig. 4. This algorithm is denaded by FCent. in Appendix A.

3.4. Body-centred lattices
Here, A~ A,. This centring is related to the operator

xt 3;y% 3:z7 3 In this case we alsochooe A, " 2l,. As

usual,A; ~ AA}L Let usde®nethe following functions:
foxt ™ 2.0fF T,f £ T, T,gTxt
fo.xt” 26, .6k et xt. Ly T,y T, T,Ftxt
f3.xt” 26, .6k et xt. Ly T, + T,y T,Ftxt
foxt”™ 26,6 et xt. L& T,y T,y T,d txt

Then, for hy 2 Z3=A,Z3, the Fourier transformF is expressed

in termsof the Fourier trandorms of functionsf,, f,, f; and f,
asfollows:

186 Maggorzat&Rowicka et al. ~ Crystallograghic FFT. I
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F.&oheT ™ Fihyt
FANt e F et " Fouhyt
F.AN T e f et” Fahyt
FANE €% et ™ Fohyt

Moreover, it canbe shownthat the Fourier transformequalsO
in all other points of the FFT unit cell. The FFT-asymmaetic
unit in the reciproal spacds shownin Fig. 5. Thisalgorithm is
denaed by ICent. in Appendix A.

3.5. Rhombohedral centring

This centring is induced by symmetry operaors:
xF 3;yF 3;zF Jandxt §;y ¥+ 4;z+ £ (obversesetting. In
sucha case

3
0

0 35;
3Q
whereN, M and Q are positive integers We chooseA,, to be
3l;. In sohing this casewe follow the sane simplerulesasin
the previously discused centrings The resuting formulae
look muchmore complicded, althoughthe undetlying logicis
the sane. Note that, unlike before, in this subsetion T,

dendesatranslationalongthe z axisby $ of the unit-cell size
and TZ by 5. The sameholdsfor T, and T;. Let usde®ne

2
A~ 4

co¥%

0
M
0

f.xt ™ f.xt+T,f.xt T4 .xt
f5.xt ~ f.xt texp.2 i=3{T,f.xt t exp.4 i=3fTf .xt
f3.xt ~ f.xt texp.4 i=31T,f.xt t exp.2 i=3{T xt:

Fi ...; Fg haveto be computed are givenby

foxt ™ £ T+ T2 txt
f.xt " 3es..6 % 2651 xt. L exp.4 i=31T,
 exp.2 i=3fT 1t xt
f3.XT " 3e,..28, T g1 xT. 1L exp.2 i=31T,
F exp.4 i=3fT d5Txt
f,.xt ™ 3e,..epF et xt. L T, Tidatxt
fs. Xt ™ 3ey..00F T xt. Lt expd i=31T,
T exp.2 i=3fT)d;Txt
fo.xt ™ 3ex..60% 26,1 2651 xt. L& exp.2 i=31T,
T exp.4 i=3fT 51 xt
f,.xt " 3e,..2e, F 20t xt. Lt T, Tid>txt
fg.xt " 3es..28, 1 6, F T xT.1L# expd i=3fT,
F exp.2 i=3fT g1 xt
fo.xt " 3es..28, 1 26,% xT. L& exp.2 i=3fT,
T exp4 i=3fT ]t xt

Then,

F.A&hyT ™ Fihyt
F.AN T e, F 26,77 Fo.hyt
F.AN T 26, e;T ™ Fahyt
F.&h T e e;t”™ Fyphyt
F.Ahyt e et ™ Fs.hyt
F.&hf e F 2, F 26,1 Fg.hyt
F.Ahyt 26, 26,77 Fr.hyt
F.Ah T 26, f e, F egT ™ Fg.hyt
F.&hF 26, F 2,17 Fg.hott
Moreover,it canbe shownthat the Fourier transformequalsO

in all the other points of the FFT unit cell, that is in points
.h; k; ITsuchthat 2h t k | is not divisible by 3

4. Combining centring with decimation: example of C2

group

As we havestatedin X3, the crygallographic groupswe deal

with in this paper have a subgoup whosesynmetry can be
maximadly reducedby usingthe formalismdescribel in paper
II. Let us denae this subgoup by Gy; and a subgroup
generatedby the non-primitive translationoperaors by G, .

Then,sinceG, isanormd subgoup of G, onecanconsidera
quotient group G=G, . This quotient group coincides with

Gyr. By de®nitian, it will not containany purely translatioral

symmety operaors. Conseuently, one can apply to it the

approachdevelmedin xx3 and 4 of paper Il. Let us explain
this procedue by the exanple of the C2 spacegroup. The
symmety operaors for this group (in the crystalographic
coordinates) are

e: xy;z
yxyyz
xt 3yt iz
yxtliyiiyz
The fourth operaor is denotedby , becausat is a compo-
sition of the secom andthe third ones Then,
G'fe ;; ¢
The subgroyp geneated by translatiors G, is given by
Ge.'fe g
Therefore
Gy GGeL"fe g

Let us deal ®rstwith the symméry induced by G=G,, and
only then with the C-facecentring (that is G, ). This proce
dure is depicted in Appendix A by

Name Vectory b Matrix A

c2 .00, 1t

Algorithm
2z CCent.

2x; 2y, 2z

Here, the matrix A and the vedor b de®nehe changefrom
crystallogaphicto the grid coordinates Let x° and x denote
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the coordnates of the sarre point in the crygallographic and
grid coordnate systemgespectiely. The transformatian from
the crystalographc to the grid coordnates is then givenby

X~ Ax°f b: It

The matrix A here isthe sane matrix that describedthe grid y
[seeequation (1)]. The vectorb corresndsto the shift of the
origin of the coordnate system.

The expression2jx; 2jy; 2jz in the third columnmeansthat

the numbe of points alongx, y and z axes should be even.

Consejuently,
3 2 3
2N O 0 0
A~40 2M 05 and by 405;
0 0 2Q 3

whereN, M and Q are postive integers
The relationshipbetweenthe synmetry operaor .Rg; tgtin
the crystallogaphic coordnate systen and in the grid coor

dinate systen .R; tTis the following:
R,” Ry and t,~..1y Rytb$ Atg:

9 9

Hence in our case

2 3 2 3
y1 0 0 0

R~40 1 05 t~405
0 0y1 g1

Moreover,2z in the columnAlgorithm meanghat A, is given
by

3
1 00
A, 40 1 05:
0 0 2
As aresult,
2 3
2N 0 O
A,"40 M 05:
0 0 Q
Let usdecompmseh acording to the formula
h™ hy ¥ Ajhg;
where
Figure 6

The 2z CCent. decompositiorfor the C2 group The asymmetricunit is
the areacolouredorangeor blue;the domainof de®nitionof functionsf;
andf, is blue.

822 33 22 339
< 0 0 =
h,2 z%=A,z%~ 44 055;44 055

0 1
and
h, 2 23=A,Z°
“f0...;2Ny 1g f0,...;2My 1g fO;...;QV 1g
Let usde®neY asin paperll:
Y.ht~ f.xfe,.hy; xt:
x2AZ%=A,Z°8

Then, from the synmetry-reduction formula of pape I
[formula (15)], it followsthat

F.h,t” Y. tte .h;yety.RTht

F.ht Ajest™ Y.yt Ve, .h;yefY.RTht

Now we can proceed to the secom part: reducingtransla-
tional symmetry. In our exampg, this meansreducing the

C-facecentring,asdescribel in x3.1.This procedure could be
describel in our table as:

.8t

Name Vectory b Matrix A

Cc2 .Q; 0; ot

Algorithm

2ix; 2y CCent.

Noticethat nowthe matrix A, fromthe previousstageplays
therole of matrix A for the presern stage To avoid confuson,
we will dende this matrix by Ag,:

2 3
2N 0 O
A" 40 2M 05:
0 0 Q
Additionally, as explainedin x3.1:
2 3 2 3
2 00 N O O
A,” 40 2 05; A" 40 M 05:
0 01 0 0 Q

Note that A =~ A A; (While A~ A A A;). Let ™ h,.
Now, using thesenewmatrices we candecomposdraccordng
to formula (6). Now x3.1yieldsthat

Y.AMfelt 0 and Y.Aht et 0

whereh, 2 Z3=A,Z3 It followsthat the only pointsat which Y
doesnot equal0 are A, and At e, + e, and

Y. &yt ™ Rt
Y.&ht e tel” F.ph

9t

whereF; and F, are Fourier transforns of functions:

fp.xt " 2ff xt + . T ftxtg
f. Xt " 26, .60 &, xtf.xty . T ftxtg

respectiely. The asymmetrg unit for the C2 group for this
decommsitionis depictedin Fig. 6. After substitutng (8) into
(9) and taking into acmunt that RT commuteswith A, and
AJPIA ™ A A, we obtain the ®nalformulae:
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F.AMT ™ Fpt fey .0y e . RThT

F.AM T Aest ™ Fript Ve, . e;1F,.RThyt

FAMT e f et " Fuptte My etF, Rt

FAMT e f et Aggt” Rty e I &1, RTHG:
The formulae above, expressedn the coordnatesh; k; |, read

F.2h; 2k; 1T " F.h; k; [T fexp...@ [=Qt
Fi.NV hk;Qy It
F.2h; 2k; 1 £ QT " F.hyk; 1Ty exp... 1=QF
FI.NV hk;Qy It
F.2ht 1,2kt L1t ° F.hyk; 1T fexp..@ 1=QF
F,.Ny h;k;QVy It
F2hi 1,2kt 111 Qf" F.hk; 1T yexp..@ I=QF
FoNY hk; QY I,
where h” 0;1;...;Ny 1 and k™ 0;1,...;My 1 and
7 0;1;...; Q¥ 1.TheFouriertransformF equalszeroat all

other points of y , that is in points whosesum of h and k
coordnatesis odd.

5. Remarkson grid-size requirements

The residual trandational synmmetry left after the decam-
positiondescribedin xx3 and 4 of paperll dependsnotonly on
the spaegroupbut alsoon the prime-factor decompsition of
the numbea of grid points along x, y and z axes A good
exampk here is the plane groupcm
Let us switchto the grid coordinatesystemdescribel by
as A D and by

O NI

whereN and M are positive integers
The matrix describng our subgrid decompsition in this
casereads

~ 2 0.
AO 0 2 .
Let denotethere ectionwith respet to they axisandlet
denae centring and let e dende the identity elenent of the
symmery group. Then, in the grid coordnate system these
symméry operdors are givenby

01 01
R~ y and t ~ y
0 0
. 10 N
R and t
0 1
vyl O Ny 1
R ~ y and t ° y
0 1 M
Obsene that
. 0 0 .~y 1
t 2 ;o t 2
€ 0 0 Ay 0 0 Ay

Howe\er, it dependson the party of N and M to which
equivdenceclasset andt belong.If N and M are both

even,then
.~ N 0 ] ~ Ny1 1
t M 2 0 AO, t M 2 0 N
If N isodd and M is even,then
~ N 1 ~ Ny 1 0
t M 2 0 Ao, t M 2 0 AO.
If N isevenand M is odd, then
.~ N 0 ) ~ Ny1 1
t M 2 1 AO, t M 2 1 AO.
If N andM are both odd, then
.~ N 1 ) ~ Ny1 0
t M 2 1 AO, t M 2 1 AO.

The next stepdependson the parity of M. Let us®rstconsider
the caseof M odd. Then Assumgion 2 in X3 of paperll is
ful®lled, that is the translational part of every symmety
operator belongsto a different equivalene class This way,
through the decompodion depicted in Fig. 7(a), a full
reduction of symmetryis acheved.

Let us switchto the ca® of even M. To incorporae this
condition into the matrix A, we will write

~ 2N O
A 0o 4’

where N and M are positive numbers Obsene that if we
choose

Figure 7

Subgriddecompositiondor the cm plane group for different grid sizes
(a) Thenumberof grid pointsalongthe x axisis divisibleby 4,alongy not
divisible by 4, but still even. The non-primitive translation vector
connectspointsin different subgrids(b) The numbersof pointsalongx
and y axesare both divisible by 4. The centring vector in this case
connectspoints from the samesubgrid.
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. 10 ~ 2N 0 |
A, 0 2 and A, 0o oM °
then
. 0 - Y1 .~ N | ~ Ny 1
o g 1 o' ' omo ! oM

and, sinceall seconl coordnates of thesevectorsare even,

0

tey t;t;t 2 0

Ao
This implies that no symmety reduction is possble in this
case Therefore, we shodd choo® another A, for exampé

~ 20
Ag 0 1 :
Suppeethat N is odd. Then,
0 1
gt 2 ;b t 2 :
€ 0 A, 0 Ay

After this decompodion, the residual symmetry will be given
by the symmery operaor y xt 1;y$ 3
Now supmsethat N is even.lIt follows that
0 . . 1
0 ;b t 2 0

tgt 2 :
Ao Ao

Thatis we decomsethe computaional grid asshownin Fig.
7(b). Thenthere is a residual translatioral synrmetry in every
subgrid the translaton vectoralsodepictedin this ®gire. One
hasto deal with translatonal symmety, after reducing the
non-translational symmetry ®rst.Thisis doneexactlyasin the
C-facecentring (x3.1).

6. Discussion

Therearedifferent possble methadsof dealingwith centrings
One solutionis to transformthe coordnate systemin sud a
waythat the resultinglattice is primitive. Anotheristo usethe
multiplexingtechnicue (Ten Eyck, 1973;Bricogre, 1993).The
approad presentechereis adifferentone It isconsistat with
our philosoply of evaluating the crystallogaphic FFT, which
is based on using a multidimensional Cooley+Tukey type
of decompmsition for symmetry reduction. The difference
betweenour algorithmsfor treating centrings and other types
of symmery is that here the symmety-speci®cstep in the
decommsition correspondsto Cooley+Tikey decomposgion
in thereciprocalspaceasopposel to the real spacein all other
cases The suitabiity of multidimensional Cooley+Tukey
decompsition to treatmentof centred latticeshasalsobeen
suggstedby Bricogne(1993).

We have shownhow to reduce synmetry due to centring
operaors in crystalographc FFT calcuhtions We have also
discussd how the presentedalgorithm canbe comkined with
schenesdealingwith other symméry operaors The exampe
of the cm group, discussd in the previoussectia, not only
showshow the residual translatioral symmeéry is affectedby
choesing grid size It also showsthat in order to cover all

possiblecasedt would be necessaryo list severalcombina-
tions of algorithms (depending on grid size) for every space
group To avoidthis, we decidedto listin Appendix A onlyone
casethe onethat is mostimportant in practice It isthe cagin

whichN, M and Q canbe divisible by arbitrarily high powers
of 2. Therefore, sometime the full symmety reduction can
be achieved with assumpbns weake than those listed in

Appendix A. However, for conveniece sake, we prefer to

imposethe conditionsfrom Appendix A and as a result to

haveonly one' possble algorithm for eac spacegroup Thisis

very convenent, sinceit substanially simpli®s the imple-

mentatian of the crystallogaphicFFT. We emphasizethat the

conditionsin queston do not restiict the useof our algorithms
in practice To take full advanta@ of FFT (crystallograghic or

not), onealwayschoosesheir grid sizeso haveasmany small
prime factors aspossble, thusthe requirementof the number
of pointsin the asymmetrt unit divisible by 4, 6, 8 or 16 is
usuallysatis®edn the ®rstplace anywyy.

In Appendix B, we list the conditions under which
symmety reduction can be achievedin one step without
special procedures for reducing translatonal symméry.
Unfortunately thesecondtions are suchthat thesealgorithms
are of little practical value

APPENDIXA
Tablesof algorithms

The tables belowdescribethe set-up Eac row startswith the
ITC numberand nameof the group (alternative descriptions
of the samegroupare marked by alt). Followingis the number
of symmety operaors denoted by jGj, it is approximately
equalto the speedip achievedby usingour algorithms Then
we list the vectorsy b and the matrix A that de®nethe grid
coordinge systen by (7). For exampg, the symbols
2ix; 2jy; 4jz given as a de<ription of matrix A should be
understamd asfollows:

2
2N

3
A~ 4 5-

0 O
M 0 9;
0 4Q
whereN, M and Q are postive integers There are various
origins of requirementsimposedon the entries of matrix A.
First, if our algorithmisto takeeverysecondoint alongthe x,
y and z axes we ®rstwant to make surethat the number of
points along these axesis even.In the caseof the groups
mentioned above this requirement would lead to condition
2ix; 2)y; 2jz. One of the reasonsthat we have additional
conditions is that we want the computational grid to be
invariant under the action of symméry operators We also
want to have only one algorithm for every space group, so
sometimes we imposel stricter than necessary(but not too
strict for crystallogaphic applications)divisibility condtions
to avoid considerng seweral possbilities This issue was

0
0

! Alternative algoriths allowing for data pointsin specialpositions canbe
construced, too. They will be presentedn paperlV.
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discussd in x6. We emphasizehat the restrictionson the size

of the asymmetre unit we impose are far from signi®cant.

Often, we require simgy that the asymnetric unit consistsof
an integer number of points The strictestcondition on the
asymnetric unit in this pape is

Name iGj Matrix A Algorithm
Fddd 32 8x; 8jy; §jz 2x2y2z FCent.
Table 1

Algorithms for symmetryreductionfor practicalgrid sizesgolumnsl and
2: crystallographicgroup number and symbol; column 3: number of
elementsgolumn4: origin shift; column5: minimal divisibility conditions
for unit-cell sides; column 6: algorithm types for reducing non-
translational and translational symmetry (see paper Il and x3 above
respectively).

ITC No. Name jGj Vectoryb Matrix A Algorithm

4alt 12,2 4 100t 4ix; 2y; 2z 2x ICent.

5 c121 4 00it 2ix; 2ly; 2z 2z CCent.
5alt c213 4 .00 g‘r 2x; 2y, 2z 2z CcCent.
5alt A28 4 100t 2ix; 2ly; 2z 2x ACent.
8 Ciml 4 .0 3;0f 2ix; 4y 2y CCent.
9 Clcl 4 .03 0f 2ix; 4jy; 2z 2y CCent.
12 Cl2=ml 8 .01 2ix; 4jy; 2z 2y2z CCent.
15 Cl2=l 8 3,3 0f 4ix; 4)y; 2z 2x2y CCent.
20 C222 8 ;5; 0f 4ix; 4)y; 2z 2x2y CCent.
21 C222 8 01t 2ix; 4y; 2z 2y2z CCent.
22 F222 16  .3,3;0f 4ix; 4y; 2z 2x2y FCent.
23 1222 8 ;5 Of 4ix; 4)y; 2z 2x2y ICent.

24 12,2,2 8 ;55 0f 4ix; 4jy; 2z 2x2y ICent.

35 Cmm2 8 ;5 0f 4x; 4y 2x2y CCent.
36 Cme, 8 ;5 0f 4x; 4jy; )z 2x2y CCent.
37 Cc@ 8 ;55 0f 4ix; 4jy; )z 2x2y CCent.
38 Amm2 8 3,30t 2ix; 4jy; 2jz  2x2y ACent.
39 Abm2 8 ;55 0f 2ix; 4jy; 2z 2x2y ACent.
40 Ama2 8 5.3, 0f 4ix; 4)y; 2z 2x2y ACent.
41 Aba2 8 ;5 0f 4ix; 4)y; 2z 2x2y ACent.
42 Fmm2 16 ;5 0t 4ix; 4jy; 2z 2x2y FCent.
43 Fdd2 16 5.3, 0f 8ix; 8jy; 4z 2x2y FCent.
44 Imm?2 8 3,3 0f 4ix; 4)y; 2z 2x2y ICent.

45 Iba2 8 3,3 0f 4ix; 4jy; 2z 2x2y ICent.

46 Ima2 8 3,3 0f 4ix; 4y; 2z 2x2y ICent.

63 Cmcm 16 3,557 4ix; 4jy; 4z  2x2y2z  CCent.
64 Cmca 16 Sa5 5T 4ix; 4jy; 4z 2x2y2z  CCent.
65 Cmmm 16 i3 5T 4ix; 4)y; )z 2x2y2z  CCent.
66 Ccem 16 ;5T 4ix; 4jy; )z 2x2y2z  CCent.
67 Cmma 16 i35t 4ix; 4jy; )z 2x2y2z  CCent.
68 Ccca 16 3,551 4ix; 4jy; 4z 2x2y2z  CCent.
69 Fmmm 32 33531 4ix; 4jy; 4z 2x2y2z  FCent.
70 Fddd 32 50550 8x; 8jy; 8z 2x2y2z FCent.
71 Immm 16 3,551 4ix; 4)y; 4z 2x2y2z  ICent.

72 Ibam 16 3,351 4ix; 4jy; 4z 2x2y2z  ICent.

73 Ibca 16 3,551 4ix; 4jy; 4z 2x2y2z  ICent.

74 Imma 16 il 4ix; 4)y; 4z 2x2y2z  ICent.

79 14 8 .5 0f 4ix; 4jy; 2z 2x2y ICent.

80 14, 8 R 4ix; 4jy; iz 2x2y ICent.

82 14 8 .5, 0f 4ix; 4y; 2z 2x2y ICent.

87 14=m 16 555t 4ix; 4jy; 4z 2x2y2z  ICent.

88 14,=a 16 a5 5T 4ix; 4)y; 8z 2x2y2z  ICent.

97 1422 16 3,557 4ix; 4y; 4z 2x2y2z  ICent.

98 14,22 16 3,35t 4ix; 4jy; 4z 2x2y2z  ICent.

119 14m2 6 3355t 4ix; 4y; 4z 2x2y2z  ICent.

120 14c2 6 355t 4ix; 4jy; 4z 2x2y2z  ICent.

146 R3 9 5.5 0t 3ix;3y; 3z  3(x+ty) RCent.

This condition is still not restrictive. The Fddd group
consistof 32symmetry operators so all werequireis that the
numberof pointsin the asymnetric unit is divisible by 16(this
is partly due to the presenceof the yx ¥ 1;yyt 3;yz+ 1
operator in this crystallograghic group). The last colunn of
Table 1 contairs a symba of the algorithm used.

Symbolexplaration: 2x: reqular subgridconsistng of every
secondooint alongthe x axis. 2x2y: regularsubgridconsisthg

Table 2

Algorithms for symmetryreductionfor non-practicalgrid sizescolumns
1 and 2: crystallographicgroup number and symbol; column 3: origin
shift; columns4 and5: divisibility conditionsfor unit-cell sidescolumn6:
algorithmtype (seepaperll).

ITC No. Name Vectoryb Matrix A Conditions Algorithm

4 alt 12,2 3,041 4ix; 2jy; )z Q odd 2x2z

5 C121 3. 0,5t 2ix, 3y; 2jz N odd 2x2z

5alt c213 2503t 2ix; 2ly; 2)z N odd 2x2z

5alt A28 10,3t 2ix; 2ly; 2z Q odd 2x2z

8 Ciml .G;3;0f 2ix; 2y N odd 2x2y

9 Clcl 030t 2x2)y; 2z Nodd 2x2y

12 Cl2=ml 3,35;5t 2ix, 3y, 4z Nodd 2x2y2z

15 Cl2=cl 3:3;3t  4ix;2)y;2z Modd,Qodd  2x2y2z

20 C22%  3.35:5t 4jx, 3y, 4z M odd 2x2y2z

21 C222 3e3 5T 4ix, 3y; 2z M odd 2x2y2z

22 F222 NNl 4ix, 4y, 4z Nodd,M odd  4xdy

23 1222 il 4x, 4y, 2z Q odd 2x2y2z

24 12,2,2, 335" 2ix, 3y, 4z Noddor M odd 2x2y2z
or Q odd

35 Cmnm2 53, 0f 4jx, 3y N odd 4x2y

36 cme, 514 2ix, 3y, 2z Modd,Qodd  2x2y2z

37 Cc@ 5.3, 0 4jx, 3y, 4z N odd ax2y

38 Amm2  3;3; 0t 2ix, 3y, 4z Q odd 2x2y2z

39 Abm?2 5.3, 0F 2ix, 4y, 2z M odd 2x4y

40 Ama2 3,30t 4x, 4y, 3z M odd 2x4y

41 aba2 5.3 0t 4jx, 4y, 4z M odd 2x4y

42 Fmn2  3;3;0f  4jx, 4y, 23z Nodd,Modd 4xdy

43 Fdd2 5.3, 0f 4ix, 4y, 4z Nodd,M odd  4x4y

44 Imm2 ;5 0f 2ix, 3y, 4z Q odd 2x2y2z

45 Iba2 .5, 0f 4jx, 3y, 4z N odd ax2y

46 Ima2 ; O 4x, 3y, 3z Q odd 2x2y2z

63 Cmcm 1 4ix; 4jy; 4z N odd 4Ax2y2zy

64 Cmca R 4ix; 4jy; 4z N odd 4x2y2zy

65 Cmmm 5.5t 4ix; 2)y; )z N odd Ax2y2zy

66 Ccem TH1 4ix; 2)y; )z N odd Ax2y2zy

67 Cmma 55T 4ix; 4jy; 2)z N odd 4x2y2zy

68 Ccca N1 4ix; 4jy; 4z N odd 4x2y2zy

69 Fmmm .55 5T 4ix; 4jy; 2z N odd,M odd  4x4y2z

70 Fddd il 4ix; 4jy; 8z N odd,M odd  4x4y2z

71 Immm il 4ix; 2jy; 2jz N odd 4x2y2zy

72 lbam 557 4ix.2)y; 2z Nodd 4x2y2zy

73 Ibca 55T 4ix; 4jy; 2)z N odd 4x2y2zy

74 Imma 11 4ix; 4jy; 2)z N odd 4Ax2y2zy

79 14 ;5,01 2%2)y; 21z Qodd 2x2y2z

80 14, 5, 0f 2ix; 2jy; 4z Q odd 2x4z

82 14 i34t 2ix; 2ly; 2lz  Q odd 2x2y2z

87 14=m R 2ix; 2jy; 4z Q odd 2x2y4z

88 14,=a 5.5t 2ix; 2jy; 4z Modd,Qodd  2x2y4z

97 1422 5:5T 2ix; 2jy; 4z Q odd 2x2y4z

98 14,22 55T 4ix; 4jy; 4z Q odd 2x2y4z

119 14m2 55T 2ix; 2jy; 4z Q odd 2x2y4z

120 14c2 i35 2ix; 2ly; 4z Q odd 2x2y4z

146 R3 5, 0f 3ix; 3jy; 3jz Q not divisible  3(x+y) 3z
by 3

212, is the group de®ned by symmeéry operators Xx;y;z; yxy¥ 172y z;
xF 1=2y$ 1=2,z% 1=2; yxF 1=2;y;1=2y z. 3 C21 is the group de®ned by
symmetryoperatorsx;y; z; Y X; ¥+ 1=,y z; x+ 1=2,y  1=2;7; 122y x;y;yz. § A2
is the group de®necby symmetryoperatorsx; y; z; y x; y ¥ 172,y z; x; y ¥ 1=2, 2§ 1-2;
yxy; 172y z.

212, is the group de®mrd by symmetry operatas X;y;z; yxyi 1=2,y z;
Xt 1=2y+ 172,z 1=2; yxf 1=2,y;1=2y z. 3 C21 is the group de®ned by
symmetryoperabrsx;y; z; y x;y ¥ 1=2,y z; x+ 1=,y § 1=2;7; 122y x;y;yz. § A2
is the group de®nedoy symméry operatorsx; y; z; Yy x; v+ 122,y z; x;y ¥ 1=2;z 1 1=2;
yxy; 172y z.
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of everysecoml point alongx andy axes(disaussedn x4.1of
pape 1l). 2x2y2z: regular subgridconsistingof everyseconl
point along x, y and z axes(see x4.2 of paper ll). 3(x+y):
subgridof x  y divisible by 3 (seepaper | and x4.3of paper
I). ICent.: body centring(seex3.4).FCent.: all-facecentring
(seex3.3).ACent.: A-facecentring(seex3.2).CCent.: C-face
centring (seex3.1).RCent.: rhombohedrd centring.

APPENDIXB
Tablesof algorithms for non-practical grid sizes

Here we present exanples of algorithms restiicted by a
maximal divisibility of unit-cell sizes They are conceptually
simder thanthosein Appendix A. However,sincethe typical
numbeis of grid pointsin crygallographic data processingare
divisible by 2° up to 2'°, we considerthesealgorithms non-
practical. In other words by dealingwith suchgrid sizesthe
bene®tof asomewhasimger algorithm will be outweichedby
lossin the ef®ciemy of the P1 FFT, aswaspointed out in the
Discussbn. Table2 desribesthe set-up. The colunnshavethe

samemearing asin Appendix A, except for the new column
listing additional condtions on integersN, M and Q, param-
eterizingmatrix A.

The authorsthank Marek Koenigfor prepaing illustrations
and tables This reserch was supportal by NIH grant No.
53163.
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