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Algorithms for evaluation of the crystallographic FFT for centredlatticesare
presented. These algorithms can be applied to 80 space groups containing
centring operators. For 44 of them, combining these algorithms with those
described by Rowicka,Kudlicki & Otwinowski[ActaCrystA59, 172±182]yields
the maximal symmetry reduction. For other groups, new algorithms, to be
presented in our forthcoming paper[Rowicka, Kudlicki & Otwinowski (2003),
in preparation], are needed.The requirementson the grid sizeand how they
interact with the choiceof algorithmsare alsodiscussed in detail.

1. Introduction

This is the third in the series of articlesdescribing our algor-
ithms for evaluation of the crystallographic fast Fourier
transform (FFT). Recently, we have presented explicit
schemesfor one-stepsymmetry reduction for 67spacegroups
in papersI andII (Rowickaetal., 2002,2003a). As many as80
of the remaining spacegroupscontain centring translations.
We devotethis paper to reducingsymmetry induced by these
centrings. We will show how to achieve maximal symmetry
reduction for 44 groups. To this end, we will combine the
symmetry-reduction formula presentedin paper II with the
here presented algorithms that take care of centring. To
achievemaximal symmetry reduction for the remaining 36
groupscontaining centringoperators, the algorithm described
has to be combined with a new schemedealing with data
pointsin special positions. Sucha schemewill be presented in
paperIV (Rowicka et al., 2003b).

The article is organizedas follows. In x2, we introduce
mathematical notionsandnotation wewill uselater on. In x3,
we proposealgorithms for centred lattices. In x4, we offer
remarks on how different choicesof algorithms restrict grid
sizes. Next, in x5, we show how to combine the symmetry-
reduction formulawith the treatmentof centredlattices. In x6,
requirements, limitations and future development and appli-
cation of our algorithms are discussed.In AppendicesA and
B, weprovidedetaileddescription of thealgorithm for speci®c
crystallographic groups.

2. Mathematical notions and notation

As in paper II, we follow the modern approachof Bricogne
(1993) and henceuse a similar notation. Let Z denote the
set of all integers and Z3 denote the Cartesian product
Z � Z � Z. Matricesandvectors will be written in bold type.
The standard basisvectorsof Z3 will be denotedby e1, e2 and
e3. Our goal is to compute discrete Fourier transforms of a

periodic function f de®nedon Z3. Sucha function will have
the periodicity of the underlying crystal structure, described
by a3 � 3matrix with integer entries, A. From nowon,wewill
requirethat A be invertible (that is, that its determinant is not
equalto zero:detA 6ˆ 0). The periodicity condition reads

f …x ‡ t† ˆ f …x†;

wherex 2 Z3 and

t 2 AZ3 ˆ f x 2 Z3 : there existsa y 2 Z3 suchthat x ˆ Ayg:

As in paper II, we will usethe following equivalencerelation:

yR A x , y ÿ x 2 AZ3:

This meansthat x and y are in the relation R A if and only if
they havethe same crystallographic coordinates. The equiva-
lenceclassof x (with respectto the relation R A ) will be

‰xŠA ˆ f y 2 Z3 : y ÿ x 2 AZ3g:

Another useful notion is that of a quotient space(see also
Rowickaetal., 2003a; Bricogne, 1993).In this article, we deal
with the quotient spaceof Z3 by AZ3:

Z3=AZ3 ˆ f ‰xŠA : x 2 Z3g:

The notion of a quotient spaceallowsus to describeperiod-
icity conditions in a very convenient way. Insteadof viewing f
as a periodic function, it can be equivalently considered as
de®nedon the setof the equivalence classes, Z3=AZ3. Let us
introduce the notation

ÿ ˆ Z3=AZ3 …1†

and

ÿ � ˆ Z3=ATZ3;

whereAT denotesthe transposition of matrix A. Thespaceÿ �

isaspacedual to ÿ. Its elementsarecovectors, i.e.objectsdual
to vectors. Covectorswill alsobeprinted in bold typeandthey
will be, whenthere is no risk of confusion,alsoreferred to as
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vectors. The scalarproduct of a covector h 2 ÿ � anda vector
x 2 ÿ , expressedin standardbases, reads

h � x ˆ …he�
1 ‡ ke�

2 ‡ le�
3† �…xe1 ‡ ye2 ‡ ze3† ˆ hx ‡ ky ‡ lz;

where h; k; l; x; y; z 2 Z. We shall use a shorthand notation
eA …h; x†for a coef®cient (alsocalled`twiddlefactor') that will
occur frequently throughout this paper:

eA h; x… †̂ exp…ÿ2� ih � A ÿ 1x†:

This symbol has the following properties:

eA g‡ h; x… †̂ eA g; x… †eA h; x… †

eA h; x ‡ y… †̂ eA h; x… †eA h; y… †

for any g; h 2 ÿ � and x; y 2 ÿ . Let f be a complex-valued
function on ÿ , whereÿ is givenby (1). The Fourier transform
of function f will be denotedby F and for anyh 2 ÿ � de®ned
by

F…h† ˆ
P

x2ÿ
f …x†eA h; x… †: …2†

For simplicity, in the above formula, we have omitted the
normalization constant1=jdetAj.

2.1. Crystallographic group action

Let G denote thequotient(or factor) crystallographicspace
group(Bricogne, 1993;Rowicka etal., 2003a). Theelementsof
G arethe symmetryoperators aslisted in International Tables
for Crystallography(ITC) (Hahn, 1995).The group operation
in G is the ordinary composition of symmetry operators.

We represent the action of an element g 2 G in the real
spaceasfollows:

Sg…x† ˆ Rgx ‡ tg; …3†

where x 2 ÿ. We will call Rg the rotational part of the
symmetry operator related to g. Sincedet Rg ˆ � 1, it follows
that Rg can be either a proper (detRg ˆ 1) or an improper
(detRg ˆ ÿ 1) rotation. We will call tg a translational part
of the symmetry operator. We stress again that, since
x 2 ÿ ˆ Z3=AZ3, the symbol x in the formula above is in fact

the equivalenceclass‰xŠA. The action (3) de®nesan actionS#

on a function f on spaceÿ by

…S#
gf †…x† ˆ f …Sÿ 1

g …x††̂ f …Rÿ 1
g …x ÿ tg††:

ThisactionS# on the functionsin the realspaceextendsto the
actionS� on their Fourier transformsin the reciprocalspace:

S�
gF…h† ˆ eA …h; tg†F…RT

g h†: …4†

3. Algorithms

In paper II, the symmetry-reduction formula combiningthe
multidimensional Cooley±Tukey factorization with crystal-
lographic symmetry wasderived,andthe conditions of its use
werediscussed.It wasshownthat for somegroupsthis formula
allows maximal symmetry reduction to be achieved in one
step.

However, after performing this symmetryreduction what
may remain in somespacegroupsis a non-primitive transla-
tional symmetry(centring). These are the casesthis article
dealswith. No asymmetric unit in suchcasescanbedescribed
by a decomposition matrix [such as A0 in formula (10) of
paperII], asopposed to thespacegroupsweconsideredsofar.
As a result, the centringoperatorscannot be treatedby the
Cooley±Tukey type of decomposition.

Therefore, we proposea setof algorithmsto treat centring-
induced symmetry. This time, we choosean asymmetric unit
that will be a contiguous set. It will be similar to FFT-asym-
metric units in the reciprocal space in paperII. One canalso
associatea matrix with it, but the relationship between the
grid andits matrix will bedifferent from that in paperII. One
canexpectthat the sizeof the asymmetric unit will be 1=jGj,
wherejGj is the numberof elements in the subgroup gener-
ated by the centring symmetry operators. However, as will
becomeclear soon, it is more convenient to chooseas an
asymmetric unit only half, one-quarter or even one-ninth of
these points, but consider two, four or nine, respectively,

Figure 1
C-facecentring,real space. Sectionat z ˆ 0 is shown.The asymmetric
unit is coloured red. The dashedarea is the domain of de®nitionof
functionsf1 and f2.

Figure 2
C-face centring, reciprocal space. Sectionat l ˆ 0. Centresof colored
squaresform the FFT-asymmetricunit, red squaressymbolizeF1…h0†and
blue onesF2…h0†. The Fourier transform equalszero at the centresof
white squares.
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independent functionson thesepoints. Thusthe sameamount
of information is encoded,but in a more convenient way. We
will usesimilar methodsto dealwith all typesof centrings. We
will treat the centring-induced symmetry reduction as an
independent step. It means that, for a given crystallographic
group, we takea subgroup generated by centringoperatorsas
our starting symmetry group. We will also introduce new
matrices A, describing conditions imposed on the computa-
tional grid solelyby centringoperators. The symbolsAC, AA ,
AF, A I andAR will denote matricesdescribingcomputational
grids for C-face centring, A-face centring, all-face centring,
body centring and rhombohedral centring,respectively:

AC ˆ

2N 0 0

0 2M 0

0 0 Q

2

6
4

3

7
5 ; AA ˆ

N 0 0

0 2M 0

0 0 2Q

2

6
4

3

7
5 ;

AF ˆ A I ˆ

2N 0 0

0 2M 0

0 0 2Q

2

6
4

3

7
5 ; AR ˆ

3N 0 0

0 3M 0

0 0 3Q

2

6
4

3

7
5 ;

where N, M and Q are positive integers. In each of the
subsequent subsections, dealing with a speci®ccentring, we
will omit indicesin matricesA indicating the centring type.

Let Tx, Ty and Tz denote non-primitive translation opera-
tors

…Txf †…x† ˆ f …x ‡ Ne1†

…Tyf †…x† ˆ f …x ‡ Me2†

…Tzf †…x† ˆ f …x ‡ Qe3†:

Let I denote the identity operator. Then,for all centring types
except for rhombohedralcentring,

T2
x ˆ I and T2

y ˆ I and T2
z ˆ I:

For the rhombohedral centring,

T3
x ˆ I and T3

y ˆ I and T3
z ˆ I:

3.1. C-face centred lattices

Here A ˆ AC. This type of centring occurswhenever the
crystallographicgroupcontainstheoperatorx ‡ 1

2 ; y ‡ 1
2 ; z. In

this case, the asymmetric unit may be chosen to consistof all
grid points that have coordinates in the following range:
x ˆ 0; . . . ; N ÿ 1, y ˆ 0; . . . ; 2M ÿ 1 and z ˆ 0; . . . ; Q ÿ 1.
The asymmetric unit described aboveis presentedin Fig. 1.

To havea moreconcisenotation for this kind of subset, let
us introducematrices

~A0 ˆ
2 0 0
0 2 0
0 0 1

2

4

3

5 ; ~A1 ˆ
N 0 0
0 M 0
0 0 Q

2

4

3

5 ;

suchthat

A ˆ ~A1
~A0:

Let ~ÿ 0 be

~ÿ 0 ˆ Z3=~A1Z
3:
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Figure 3
All-face centring, real space. The set ~ÿ 0, the domain of de®nitionof
functionsf1 and f2 is colouredred. Its volume is one-eighthof the unit
cell, it correspondsto half of the asymmetricunit.

Figure 5
FFT-asymmetricunit in the reciprocal spacefor body centring. The
Fourier transformequalszeroin different placesdependingon the parity
of coordinatel. F1…h0† is denotedred, F2…h0† is denotedblue, F3…h0† is
denotedgreenandF4…h0†is denotedyellow.

Figure 4
FFT-asymmetricunit in the reciprocal spacefor all-face centring.The
Fourier transformbehavesdifferently in planeswith l even(left panel)
andl odd (right panel).The Fourier transformequalszeroin the centres
of blank squares. Centres of the coloured squares form the FFT-
asymmetricunit in the reciprocal space. Red denotesF1…h0† and blue
denotesF2…h0†.
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The tilde above the matrix symbol ÿ 0 indicatesthat ÿ 0 from
paper II is not the same as ~ÿ 0 here, and that the above rela-
tionship between ~A1 and ~ÿ 0 is different from that betweenA1

and ÿ 0 described in paper II.
Let uscompute the Fourier transform

F…h† ˆ
P

x2ÿ
f …x†eA …h; x† ˆ

P

x2 ~ÿ 0

f f …x†eA …h; x†

‡ …TxTyf †…x†eA …h; …x ‡ Ne1 ‡ Me2††

‡ …Tyf †…x†eA …h; …x ‡ Me2††‡ …Txf †…x†eA …h; …x ‡ Ne1††g:

Note that

eA …h; …x ‡ Me2††̂ exp…ÿk� i†eA …h; x†

eA …h; …x ‡ Ne1 ‡ Me2††̂ exp‰ÿ…h ‡ k†� iŠeA …h; x†

eA …h; …x ‡ Ne1††̂ exp…ÿh� i†eA …h; x†:

Moreover,by symmetry,

f …x† ˆ …TxTyf †…x†:

Thus,

F…h† ˆ
P

x2 ~ÿ 0

f1‡ exp‰ÿ� i…h ‡ k†ŠgeA …h; x†f …x†

‡
P

x2 ~ÿ 0

exp…ÿ� ik†f1‡ exp‰ÿ� i…h ‡ k†ŠgeA …h; x†…Tyf †…x†:

…5†

Analogouslyasin paper II, onecanuniquely decomposeh as

h ˆ ~A0h0 ‡ h1; …6†

whereh0 2 Z3=~A1Z
3 and h1 2 Z3=~A0Z

3 ˆ f 0; e�
1; e�

2; e�
1 ‡ e�

2g.
Hence, taking into accountthe formula (5), we obtain

F…~A0h0 ‡ e�
1† ˆ 0 and F…~A0h0 ‡ e�

2† ˆ 0:

For x 2 ~ÿ 0, let usde®ne

f1…x† ˆ 2…ff …x† ‡ …Tyf †…x†g†̂ 2…fI ‡ Tygf †…x†

f2…x† ˆ 2eA ……e�
1 ‡ e�

2†; x†ff …x† ÿ …Tyf †…x†g

ˆ 2eA ……e�
1 ‡ e�

2†; x†…fI ÿ Tygf †…x†:

With this notation,

F…~A0h0† ˆ
P

x2 ~ÿ 0

f1…x†eA …~A0h0; x† ˆ F1…h0†

F…~A0h0 ‡ e�
1 ‡ e�

2† ˆ
P

x2 ~ÿ 0

f2…x†eA …~A0h0; x† ˆ F2…h0†:

Thismeansthat, in order to evaluatethe Fourier transform of
f on the computational grid de®nedby ÿ, it is enough to
computeFourier transformsF1 andF2 of functionsf1 andf2 on
the computational grid de®ned by ~ÿ 0. The sizeof this grid is
one-quarter of that of the original grid. The FFT-asymmetric
unit in the reciprocal space(see paper II for de®nition) is
shownin Fig. 2.

This algorithm is denotedby CCent. in Appendix A.

3.2. A-face centred lattices

In this subsection, A ˆ AA . Now the symmetry operator is
x; y ‡ 1

2 ; z ‡ 1
2, so the entire reasoningremainsthe sameasin

the previous case, we only substitute z coordinates for x
coordinates. In particular, the functionsf1 andf2 are givenby

f1…x† ˆ 2…fI ‡ Tzgf †…x†

f2…x† ˆ 2eA ……e�
2 ‡ e�

3†; x†…fI ÿ Tzgf †…x†:

This algorithm is denoted by ACent. in Appendix A.

3.3. All-face centred lattices

Here A ˆ AF. Such a centring occurs whenever the
symmetry operators x; y ‡ 1

2 ; z ‡ 1
2 (inducing C-facecentring)

and x ‡ 1
2 ; y ‡ 1

2 ; z (inducing A-face centring) appear toge-
ther. In this case, we choose ~A0 ˆ 2I3, where I3 denotes
the 3 � 3 identity matrix. Then, ~A1 ˆ A ~A ÿ 1

0 . As usual,
~ÿ 0 ˆ Z3=~A1Z

3 (Fig. 3).
Let usdenote

f1…x† ˆ 4…fI ‡ Tzgf †…x†

f2…x† ˆ 4eA …e�
1; x†…fI ÿ Tzgf †…x†:

These functionsarede®nedon ~ÿ 0, whichis depictedin Fig. 3.
Then, for h0 2 Z3=~A1Z

3, we have

F…~A0h0† ˆ F1…h0†

F…~A0h0 ‡ e�
1 ‡ e�

2 ‡ e�
3† ˆ F2…h0†:

This providesa recipe for the Fourier transform in points of
the reciprocal spacewhosecoordinates are either all evenor
all odd.It canbeshownthat theFourier transformequalszero
in all other pointsof the FFTunit cell, namely

F…~A0h0 ‡ e�
1† ˆ 0

F…~A0h0 ‡ e�
2† ˆ 0

F…~A0h0 ‡ e�
3† ˆ 0

F…~A0h0 ‡ e�
1 ‡ e�

2† ˆ 0

F…~A0h0 ‡ e�
1 ‡ e�

3† ˆ 0

F…~A0h0 ‡ e�
2 ‡ e�

3† ˆ 0:

The FFT-asymmetricunit in the reciprocal space is shownin
Fig. 4. This algorithm is denoted by FCent. in Appendix A.

3.4. Body-centred lattices

Here, A ˆ A I . This centring is related to the operator
x ‡ 1

2 ; y ‡ 1
2 ; z ‡ 1

2. In this case, we alsochoose ~A0 ˆ 2I3. As
usual, ~A1 ˆ AA ÿ 1

0 . Let usde®nethe following functions:

f1…x† ˆ 2…fI ‡ Txf ‡ Ty ‡ Tzgf †…x†

f2…x† ˆ 2eA ……e�
1 ‡ e�

2†; x†…fI ÿ Tx ÿ Ty ‡ Tzgf †…x†

f3…x† ˆ 2eA ……e�
1 ‡ e�

3†; x†…fI ÿ Tx ‡ Ty ÿ Tzgf †…x†

f4…x† ˆ 2eA ……e�
2 ‡ e�

3†; x†…fI ‡ Tx ÿ Ty ÿ Tzgf †…x†:

Then, for h0 2 Z3=~A1Z
3, the Fourier transformF is expressed

in termsof the Fourier transformsof functionsf1, f2, f3 and f4

asfollows:
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F…~A0h0† ˆ F1…h0†

F…~A0h0 ‡ e�
1 ‡ e�

2† ˆ F2…h0†

F…~A0h0 ‡ e�
1 ‡ e�

3† ˆ F3…h0†

F…~A0h0 ‡ e�
2 ‡ e�

3† ˆ F4…h0†:

Moreover, it canbeshownthat the Fourier transformequals0
in all other points of the FFT unit cell. The FFT-asymmetric
unit in the reciprocal spaceisshownin Fig. 5.Thisalgorithm is
denoted by ICent. in Appendix A.

3.5. Rhombohedral centring

This centring is induced by symmetry operators:
x ‡ 2

3 ; y ‡ 1
3 ; z ‡ 1

3 andx ‡ 1
3 ; y ‡ 2

3 ; z ‡ 2
3 (obversesetting). In

sucha case,

A ˆ
3N 0 0
0 3M 0
0 0 3Q

2

4

3

5 ;

whereN, M and Q are positive integers. We choose~A0 to be
3I3. In solving this case, we follow the same simplerulesas in
the previously discussed centrings. The resulting formulae
look muchmorecomplicated,althoughthe underlying logic is
the same. Note that, unlike before, in this subsection Tz

denotesa translationalongthe z axisby 1
3 of the unit-cell size

and T2
z by 2

3. The sameholdsfor Ty and T2
y . Let usde®ne

~f1…x† ˆ f …x† ‡ Tzf …x† ‡ T2
z f …x†

~f2…x† ˆ f …x† ‡ exp…2� i=3†Tzf …x† ‡ exp…4� i=3†T2
z f …x†

~f3…x† ˆ f …x† ‡ exp…4� i=3†Tzf …x† ‡ exp…2� i=3†T2
z f …x†:

Now, the functions f1; . . . ; f9, whose Fourier transforms
F1; . . . ; F9 haveto be computed,are givenby

f1…x† ˆ …fI ‡ Ty ‡ T2
yg~f1†…x†

f2…x† ˆ 3eA ……e�
2 ‡ 2e�

3†; x†…fI ‡ exp…4� i=3†Ty

‡ exp…2� i=3†T2
yg~f2†…x†

f3…x† ˆ 3eA ……2e�
2 ‡ e�

3†; x†…fI ‡ exp…2� i=3†Ty

‡ exp…4� i=3†T2
yg~f3†…x†

f4…x† ˆ 3eA ……e�
1 ‡ e�

3†; x†…fI ‡ Ty ‡ T2
yg~f3†…x†

f5…x† ˆ 3eA ……e�
1 ‡ e�

2†; x†…fI ‡ exp…4� i=3†Ty

‡ exp…2� i=3†T2
yg~f1†…x†

f6…x† ˆ 3eA ……e�
1 ‡ 2e�

2 ‡ 2e�
3†; x†…fI ‡ exp…2� i=3†Ty

‡ exp…4� i=3†T2
yg~f2†…x†

f7…x† ˆ 3eA ……2e�
1 ‡ 2e�

3†; x†…fI ‡ Ty ‡ T2
yg~f2†…x†

f8…x† ˆ 3eA ……2e�
1 ‡ e�

2 ‡ e�
3†; x†…fI ‡ exp…4� i=3†Ty

‡ exp…2� i=3†T2
yg~f3†…x†

f9…x† ˆ 3eA ……2e�
1 ‡ 2e�

2†; x†…fI ‡ exp…2� i=3†Ty

‡ exp…4� i=3†T2
yg~f1†…x†:

Then,

F…~A0h0† ˆ F1…h0†

F…~A0h0 ‡ e�
2 ‡ 2e�

3† ˆ F2…h0†

F…~A0h0 ‡ 2e�
2 ‡ e�

3† ˆ F3…h0†

F…~A0h0 ‡ e�
1 ‡ e�

3† ˆ F4…h0†

F…~A0h0 ‡ e�
1 ‡ e�

2† ˆ F5…h0†

F…~A0h0 ‡ e�
1 ‡ 2e�

2 ‡ 2e�
3† ˆ F6…h0†

F…~A0h0 ‡ 2e�
1 ‡ 2e�

3† ˆ F7…h0†

F…~A0h0 ‡ 2e�
1 ‡ e�

2 ‡ e�
3† ˆ F8…h0†

F…~A0h0 ‡ 2e�
1 ‡ 2e�

2† ˆ F9…h0†:

Moreover,it canbeshownthat the Fourier transformequals0
in all the other points of the FFT unit cell, that is in points
…h; k; l†suchthat 2h ‡ k ‡ l is not divisible by 3.

4. Combining centring with decimation: example of C2
group

As we havestatedin x3, the crystallographic groupswe deal
with in this paper havea subgroup whosesymmetry can be
maximally reducedby usingthe formalismdescribed in paper
II. Let us denote this subgroup by GNT and a subgroup
generatedby the non-primitive translationoperators by GCL.
Then,sinceGCL isanormal subgroup of G, onecanconsidera
quotient group G=GCL. This quotient group coincides with
GNT. By de®nition, it will not containanypurely translational
symmetry operators. Consequently, one can apply to it the
approachdeveloped in xx3 and 4 of paper II. Let us explain
this procedure by the example of the C2 spacegroup. The
symmetry operators for this group (in the crystallographic
coordinates) are

e : x; y; z

� : ÿ x; y; ÿ z

� : x ‡ 1
2 ; y ‡ 1

2 ; z

�� : ÿ x ‡ 1
2 ; y ‡ 1

2 ; ÿ z:

The fourth operator is denoted by �� , becauseit is a compo-
sition of the second and the third ones. Then,

G ˆ f e; � ; � ; � � g:

The subgroup generated by translations, GCL, is given by

GCL ˆ f e; � g:

Therefore,

GNT ˆ G=GCL ˆ f e; � g:

Let us deal ®rstwith the symmetry inducedby G=GCL, and
only then with the C-facecentring(that is GCL). This proce-
dure is depicted in Appendix A by

Here, the matrix A and the vector b de®nethe changefrom
crystallographic to the grid coordinates. Let xc and x denote
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Name Vector ÿ b Matrix A Algorithm

C2 …0; 0; 1
2† 2jx; 2jy; 2jz 2z CCent.

electronic reprint



research papers

188 MaøgorzataRowicka et al. � Crystallographic FFT.III Acta Cryst. (2003). A59, 183±192

the coordinates of the same point in the crystallographic and
grid coordinatesystems, respectively. Thetransformation from
the crystallographic to the grid coordinates is then givenby

x ˆ Axc ‡ b: …7†

Thematrix A here is thesamematrix that describedthegrid ÿ
[seeequation(1)]. The vectorb correspondsto the shift of the
origin of the coordinate system.

The expression2jx; 2jy; 2jz in the third columnmeansthat
the number of points along x, y and z axesshouldbe even.
Consequently,

A ˆ
2N 0 0
0 2M 0
0 0 2Q

2

4

3

5 and b ˆ ÿ
0
0
1
2

2

4

3

5 ;

whereN, M and Q are positive integers.
The relationshipbetweenthe symmetry operator …Rc

g; tc
g†in

the crystallographic coordinate system and in the grid coor-
dinatesystem …Rg; tg†is the following:

Rg ˆ Rc
g and tg ˆ …I ÿ Rc

g†b ‡ At c
g:

Hence, in our case,

R� ˆ
ÿ 1 0 0
0 1 0
0 0 ÿ 1

2

4

3

5 ; t� ˆ
0
0

ÿ 1

2

4

3

5 :

Moreover,2z in the columnAlgorithm meansthat A0 isgiven
by

A0 ˆ
1 0 0
0 1 0
0 0 2

2

4

3

5 :

As a result,

A1 ˆ
2N 0 0
0 2M 0
0 0 Q

2

4

3

5 :

Let usdecomposeh according to the formula

h ˆ h1 ‡ A1h0;

where

h0 2 Z3=A1Z
3 ˆ

0
0
0

2

4

3

5

2

4

3

5 ;
0
0
1

2

4

3

5

2

4

3

5

8
<

:

9
=

;

and

h1 2 Z3=A0Z
3

ˆ f 0; . . . ; 2N ÿ 1g � f0; . . . ; 2M ÿ 1g � f0; . . . ; Q ÿ 1g:

Let usde®neY asin paperII:

Y…h1† ˆ
P

x2A0Z3=A1Z3

f …x†eA …h1; x†:

Then, from the symmetry-reduction formula of paper II
[formula (15)], it followsthat

F…h1† ˆ Y…h1† ‡ eA …h1; ÿ e3†Y…RT
� h1†

F…h1 ‡ A1e
�
3† ˆ Y…h1† ÿ eA …h1; ÿ e3†Y…RT

� h1†:
…8†

Now we canproceed to the second part: reducingtransla-
tional symmetry. In our example, this meansreducing the
C-facecentring,asdescribed in x3.1.This procedure couldbe
described in our table as:

Noticethat nowthematrixA1 fromthepreviousstageplays
the role of matrix A for the present stage. To avoidconfusion,
we will denote this matrix by ACL:

ACL ˆ
2N 0 0
0 2M 0
0 0 Q

2

4

3

5 :

Additionally, as explainedin x3.1:

~A0 ˆ
2 0 0
0 2 0
0 0 1

2

4

3

5 ; ~A1 ˆ
N 0 0
0 M 0
0 0 Q

2

4

3

5 :

Note that ACL ˆ ~A0
~A1 (while A ˆ A0

~A0
~A1). Let ~h :ˆ h1.

Now, using thesenewmatrices, wecandecompose~h according
to formula (6). Now x3.1yieldsthat

Y…~A0
~h0 ‡ e�

1† ˆ 0 and Y…~A0
~h0 ‡ e�

2† ˆ 0;

where~h0 2 Z3=~A1Z
3. I t followsthat theonly pointsat which Y

doesnot equal0 are ~A0
~h0 and ~A0

~h0 ‡ e�
1 ‡ e�

2 and

Y…~A0
~h0† ˆ F1…~h0†

Y…~A0
~h0 ‡ e�

1 ‡ e�
2† ˆ F2…~h0†;

…9†

whereF1 and F2 are Fourier transforms of functions:

f1…x† ˆ 2ff …x† ‡ …Tyf †…x†g

f2…x† ˆ 2eA ……e�
1 ‡ e�

2†; x†ff …x† ÿ …Tyf †…x†g;

respectively. The asymmetric unit for the C2 group for this
decomposition is depictedin Fig. 6.After substituting (8) into
(9) and taking into account that RT

� commuteswith A0 and
…AT

0 †ÿ 1A ˆ ~A0
~A1, we obtain the ®nalformulae:

Figure 6
The 2z CCent. decompositionfor the C2 group. The asymmetricunit is
the areacolouredorangeor blue;the domainof de®nitionof functionsf1
and f2 is blue.

Name Vector ÿ b Matrix A Algorithm

C2 …0; 0; 0† 2jx; 2jy CCent.
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F…~A0
~h0† ˆ F1…~h0† ‡ eACL

…~h0; e3†F1…R
T
�

~h0†

F…~A0
~h0 ‡ A1e

�
3† ˆ F1…~h0† ÿ eACL

…~h0; e3†F1…R
T
�

~h0†

F…~A0
~h0 ‡ e�

1 ‡ e�
2† ˆ F2…~h0† ‡ eACL

…~h0; e3†F2…R
T
�

~h0†

F…~A0
~h0 ‡ e�

1 ‡ e�
2 ‡ A1e

�
3† ˆ F2…~h0† ÿ eACL

…~h0; e3†F2…R
T
�

~h0†:

The formulaeabove, expressedin the coordinatesh; k; l, read

F…2h; 2k; l† ˆ F1…h; k; l† ‡ exp…ÿ2� l=Q†

� F1…N ÿ h; k; Q ÿ l†

F…2h; 2k; l ‡ Q† ˆ F1…h; k; l† ÿ exp…ÿ2� l=Q†

� F1…N ÿ h; k; Q ÿ l†

F…2h ‡ 1; 2k ‡ 1; l† ˆ F2…h; k; l† ‡ exp…ÿ2� l=Q†

� F2…N ÿ h; k; Q ÿ l†

F…2h ‡ 1; 2k ‡ 1; l ‡ Q† ˆ F2…h; k; l† ÿ exp…ÿ2� l=Q†

� F2…N ÿ h; k; Q ÿ l†;

where h ˆ 0; 1; . . . ; N ÿ 1 and k ˆ 0; 1; . . . ; M ÿ 1 and
l ˆ 0; 1; . . . ; Q ÿ 1.TheFourier transformF equalszeroat all
other points of ÿ � , that is in points whosesum of h and k
coordinatesis odd.

5. Remarkson grid-size requirements

The residual translational symmetry left after the decom-
positiondescribedin xx3and 4of paperII dependsnot only on
thespacegroupbut alsoon theprime-factor decompositionof
the number of grid points along x, y and z axes. A good
example here is the plane group cm.

Let usswitchto the grid coordinatesystem,described by

A ˆ
2N 0
0 2M

� �
and b ˆ ÿ

1
2
0

� �
;

whereN and M are positive integers.
The matrix describing our subgrid decomposition in this

casereads

A0 ˆ
2 0
0 2

� �
:

Let � denotethe re¯ectionwith respect to the y axisandlet �
denote centring and let e denote the identity element of the
symmetry group. Then, in the grid coordinate system,these
symmetry operators are givenby

R� ˆ
ÿ 1 0

0 1

� �
and t� ˆ

ÿ 1

0

� �

R� ˆ
1 0

0 1

� �
and t� ˆ

N

M

� �

R�� ˆ
ÿ 1 0

0 1

� �
and t�� ˆ

N ÿ 1

M

� �
:

Observe that

te ˆ
0
0

� �
2

0
0

� �� �

A0

; t� ˆ
ÿ 1
0

� �
2

1
0

� �� �

A0

:

However, it depends on the parity of N and M to which
equivalenceclasses t� and t�� belong.If N and M are both
even,then

t� ˆ
N
M

� �
2

0
0

� �� �

A0

; t�� ˆ
N ÿ 1

M

� �
2

1
0

� �� �

A0

:

If N is odd and M is even,then

t� ˆ
N
M

� �
2

1
0

� �� �

A0

; t�� ˆ
N ÿ 1

M

� �
2

0
0

� �� �

A0

:

If N is even and M is odd, then

t� ˆ
N
M

� �
2

0
1

� �� �

A0

; t�� ˆ
N ÿ 1

M

� �
2

1
1

� �� �

A0

:

If N and M are both odd, then

t� ˆ
N
M

� �
2

1
1

� �� �

A0

; t�� ˆ
N ÿ 1

M

� �
2

0
1

� �� �

A0

:

The next stepdependson the parity of M. Let us®rstconsider
the caseof M odd. Then Assumption 2 in x3 of paper II is
ful®lled, that is the translational part of every symmetry
operator belongsto a different equivalence class. This way,
through the decomposition depicted in Fig. 7(a), a full
reduction of symmetryis achieved.

Let us switch to the case of even M. To incorporate this
condition into the matrix A, we will write

A ˆ
2N 0
0 4M

� �
;

where N and M are positive numbers. Observe that if we
choose
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Figure 7
Subgriddecompositionsfor the cm planegroup for different grid sizes.
(a) Thenumberof grid pointsalongthex axisisdivisibleby 4,alongy not
divisible by 4, but still even. The non-primitive translation vector
connectspoints in different subgrids. (b) The numbersof pointsalongx
and y axesare both divisible by 4. The centring vector in this case
connectspoints from the samesubgrid.
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A0 ˆ
1 0
0 2

� �
and A1 ˆ

2N 0
0 2M

� �
;

then

te ˆ
0
0

� �
; t� ˆ

ÿ 1
0

� �
; t� ˆ

N
2M

� �
; t�� ˆ

N ÿ 1
2M

� �

and,sinceall second coordinates of thesevectorsare even,

te; t� ; t� ; t�� 2
0
0

� �� �

A0

:

This implies that no symmetry reduction is possible in this
case. Therefore, we should choose another A0, for example

A0 ˆ
2 0
0 1

� �
:

Supposethat N is odd. Then,

te; t�� 2
0
0

� �� �

A0

; t� ; t� 2
1
0

� �� �

A0

:

After this decomposition, the residual symmetry will be given
by the symmetry operator ÿ x ‡ 1

2 ; y ‡ 1
2.

Now supposethat N is even.It follows that

te; t� 2
0
0

� �� �

A0

; t� ; t�� 2
1
0

� �� �

A0

:

That is, wedecomposethe computational grid asshownin Fig.
7(b). Then there is a residual translational symmetry in every
subgrid, the translation vectoralsodepictedin this®gure. One
has to deal with translational symmetry, after reducing the
non-translational symmetry®rst.This is doneexactlyasin the
C-facecentring (x3.1).

6. Discussion

Therearedifferentpossiblemethodsof dealingwith centrings.
One solution is to transformthe coordinate systemin such a
waythat the resultinglattice isprimitive. Another is to usethe
multiplexingtechnique (Ten Eyck,1973;Bricogne, 1993).The
approach presentedhereisadifferent one. It isconsistent with
our philosophy of evaluating the crystallographicFFT, which
is based on using a multidimensional Cooley±Tukey type
of decomposition for symmetry reduction. The difference
betweenour algorithmsfor treating centringsandother types
of symmetry is that here the symmetry-speci®cstep in the
decomposition correspondsto Cooley±Tukey decomposition
in thereciprocalspace, asopposed to therealspacein all other
cases. The suitability of multidimensional Cooley±Tukey
decomposition to treatmentof centred latticeshasalsobeen
suggestedby Bricogne(1993).

We have shownhow to reduce symmetry due to centring
operators in crystallographic FFT calculations. We have also
discussed how the presentedalgorithm canbe combined with
schemesdealingwith other symmetry operators. Theexample
of the cm group, discussed in the previoussection, not only
showshow the residual translational symmetry is affectedby
choosing grid size. It also showsthat in order to cover all

possiblecasesit would be necessaryto list severalcombina-
tions of algorithms (depending on grid size) for every space
group. To avoidthis, wedecidedto list in Appendix A only one
case, theonethat ismostimportant in practice. It isthecase in
whichN, M andQ canbe divisibleby arbitrarily high powers
of 2. Therefore, sometimes, the full symmetry reduction can
be achieved with assumptions weaker than those listed in
Appendix A. However, for convenience sake, we prefer to
imposethe conditions from Appendix A and as a result to
haveonly one1 possiblealgorithm for each spacegroup. Thisis
very convenient, since it substantially simpli®es the imple-
mentation of the crystallographicFFT. We emphasizethat the
conditionsin question do not restrict theuseof our algorithms
in practice. To take full advantage of FFT (crystallographic or
not), onealwayschoosestheir grid sizesto haveasmany small
prime factors aspossible, thus the requirementof the number
of points in the asymmetric unit divisible by 4, 6, 8 or 16 is
usuallysatis®edin the ®rstplace anyway.

In Appendix B, we list the conditions under which
symmetry reduction can be achievedin one step, without
special procedures for reducing translational symmetry.
Unfortunately, theseconditions aresuchthat thesealgorithms
are of little practical value.

APPENDIXA
Tablesof algorithms

The tablesbelowdescribethe set-up. Each row startswith the
ITC numberand nameof the group (alternativedescriptions
of thesamegrouparemarked by alt). Followingis thenumber
of symmetry operators, denoted by jGj, it is approximately
equalto the speedup achievedby usingour algorithms. Then
we list the vectorsÿ b and the matrix A that de®nethe grid
coordinate system by (7). For example, the symbols
2jx; 2jy; 4jz given as a description of matrix A should be
understood asfollows:

A ˆ
2N 0 0
0 2M 0
0 0 4Q

2

4

3

5 ;

where N, M and Q are positive integers. There are various
origins of requirementsimposedon the entries of matrix A.
First, if our algorithm is to takeeverysecondpoint alongthex,
y and z axes, we ®rstwant to makesurethat the number of
points along these axesis even. In the caseof the groups
mentioned above, this requirement would lead to condition
2jx; 2jy; 2jz. One of the reasonsthat we have additional
conditions is that we want the computational grid to be
invariant under the action of symmetry operators. We also
want to have only one algorithm for every space group, so
sometimes we imposed stricter than necessary(but not too
strict for crystallographic applications)divisibility conditions
to avoid considering several possibilities. This issue was

1 Alternative algorithms, allowingfor datapoints in specialpositions, canbe
constructed, too. They will be presentedin paperIV.
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discussed in x6.We emphasizethat the restrictionson the size
of the asymmetric unit we impose are far from signi®cant.
Often, we require simply that the asymmetric unit consistsof
an integer number of points. The strictest condition on the
asymmetric unit in this paper is

This condition is still not restrictive. The Fddd group
consistsof 32symmetryoperators, so all werequire is that the
numberof pointsin the asymmetric unit isdivisibleby 16(this
is partly due to the presenceof the ÿ x ‡ 1

4 ; ÿ y ‡ 1
4 ; ÿ z ‡ 1

4
operator in this crystallographic group). The last column of
Table1 contains a symbol of the algorithmused.

Symbolexplanation: 2x: regular subgridconsisting of every
secondpoint alongthe x axis. 2x2y: regularsubgridconsisting
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Name jGj Matrix A Algorithm

Fddd 32 8jx; 8jy; 8jz 2x2y2z FCent.

Table 1
Algorithmsfor symmetryreductionfor practicalgrid sizes;columns1and
2: crystallographicgroup number and symbol; column 3: number of
elements;column4:origin shift; column5:minimaldivisibility conditions
for unit-cell sides; column 6: algorithm types for reducing non-
translational and translational symmetry (see paper II and x3 above,
respectively).

ITC No. Name jGj Vector ÿ b Matrix A Algorithm

4 alt I 21² 4 …1
2 ; 0; 0† 4jx; 2jy; 2jz 2x ICent.

5 C121 4 …0; 0; 1
2† 2jx; 2jy; 2jz 2z CCent.

5 alt C21³ 4 …0; 0; 1
2† 2jx; 2jy; 2jz 2z CCent.

5 alt A2§ 4 …1
2 ; 0; 0† 2jx; 2jy; 2jz 2x ACent.

8 C1m1 4 …0; 1
2 ; 0† 2jx; 4jy 2y CCent.

9 C1c1 4 …0; 1
2 ; 0† 2jx; 4jy; 2jz 2y CCent.

12 C12=m1 8 …0; 1
2 ; 1

2† 2jx; 4jy; 2jz 2y2z CCent.
15 C12=c1 8 …1

2 ; 1
2 ; 0† 4jx; 4jy; 2jz 2x2y CCent.

20 C2221 8 …1
2 ; 1

2 ; 0† 4jx; 4jy; 2jz 2x2y CCent.
21 C222 8 …0; 1

2 ; 1
2† 2jx; 4jy; 2jz 2y2z CCent.

22 F222 16 …1
2 ; 1

2 ; 0† 4jx; 4jy; 2jz 2x2y FCent.
23 I222 8 …1

2 ; 1
2 ; 0† 4jx; 4jy; 2jz 2x2y ICent.

24 I212121 8 …1
2 ; 1

2 ; 0† 4jx; 4jy; 2jz 2x2y ICent.
35 Cmm2 8 …1

2 ; 1
2 ; 0† 4jx; 4jy 2x2y CCent.

36 Cmc21 8 …1
2 ; 1

2 ; 0† 4jx; 4jy; 2jz 2x2y CCent.
37 Ccc2 8 …1

2 ; 1
2 ; 0† 4jx; 4jy; 2jz 2x2y CCent.

38 Amm2 8 …1
2 ; 1

2 ; 0† 2jx; 4jy; 2jz 2x2y ACent.
39 Abm2 8 …1

2 ; 1
2 ; 0† 2jx; 4jy; 2jz 2x2y ACent.

40 Ama2 8 …1
2 ; 1

2 ; 0† 4jx; 4jy; 2jz 2x2y ACent.
41 Aba2 8 …1

2 ; 1
2 ; 0† 4jx; 4jy; 2jz 2x2y ACent.

42 Fmm2 16 …1
2 ; 1

2 ; 0† 4jx; 4jy; 2jz 2x2y FCent.
43 Fdd2 16 …1

2 ; 1
2 ; 0† 8jx; 8jy; 4jz 2x2y FCent.

44 Imm2 8 …1
2 ; 1

2 ; 0† 4jx; 4jy; 2jz 2x2y ICent.
45 Iba2 8 …1

2 ; 1
2 ; 0† 4jx; 4jy; 2jz 2x2y ICent.

46 Ima2 8 …1
2 ; 1

2 ; 0† 4jx; 4jy; 2jz 2x2y ICent.
63 Cmcm 16 …1

2 ; 1
2 ; 1

2† 4jx; 4jy; 4jz 2x2y2z CCent.
64 Cmca 16 …1

2 ; 1
2 ; 1

2† 4jx; 4jy; 4jz 2x2y2z CCent.
65 Cmmm 16 …1

2 ; 1
2 ; 1

2† 4jx; 4jy; 2jz 2x2y2z CCent.
66 Cccm 16 …1

2 ; 1
2 ; 1

2† 4jx; 4jy; 2jz 2x2y2z CCent.
67 Cmma 16 …1

2 ; 1
2 ; 1

2† 4jx; 4jy; 2jz 2x2y2z CCent.
68 Ccca 16 …1

2 ; 1
2 ; 1

2† 4jx; 4jy; 4jz 2x2y2z CCent.
69 Fmmm 32 …1

2 ; 1
2 ; 1

2† 4jx; 4jy; 4jz 2x2y2z FCent.
70 Fddd 32 …1

2 ; 1
2 ; 1

2† 8jx; 8jy; 8jz 2x2y2z FCent.
71 Immm 16 …1

2 ; 1
2 ; 1

2† 4jx; 4jy; 4jz 2x2y2z ICent.
72 Ibam 16 …1

2 ; 1
2 ; 1

2† 4jx; 4jy; 4jz 2x2y2z ICent.
73 Ibca 16 …1

2 ; 1
2 ; 1

2† 4jx; 4jy; 4jz 2x2y2z ICent.
74 Imma 16 …1

2 ; 1
2 ; 1

2† 4jx; 4jy; 4jz 2x2y2z ICent.
79 I4 8 …1

2 ; 1
2 ; 0† 4jx; 4jy; 2jz 2x2y ICent.

80 I41 8 …1
2 ; 1

2 ; 1
2† 4jx; 4jy; 4jz 2x2y ICent.

82 I �4 8 …1
2 ; 1

2 ; 0† 4jx; 4jy; 2jz 2x2y ICent.
87 I4=m 16 …1

2 ; 1
2 ; 1

2† 4jx; 4jy; 4jz 2x2y2z ICent.
88 I41=a 16 …1

2 ; 1
2 ; 1

2† 4jx; 4jy; 8jz 2x2y2z ICent.
97 I422 16 …1

2 ; 1
2 ; 1

2† 4jx; 4jy; 4jz 2x2y2z ICent.
98 I4122 16 …1

2 ; 1
2 ; 1

2† 4jx; 4jy; 4jz 2x2y2z ICent.
119 I �4m2 16 …1

2 ; 1
2 ; 1

2† 4jx; 4jy; 4jz 2x2y2z ICent.
120 I �4c2 16 …1

2 ; 1
2 ; 1

2† 4jx; 4jy; 4jz 2x2y2z ICent.
146 R3 9 …2

3 ; 1
3 ; 0† 3jx; 3jy; 3jz 3(x+y) RCent.

² I 21 is the group de®ned by symmetry operators x; y; z; ÿ x; y ‡ 1=2; ÿ z;
x ‡ 1=2; y ‡ 1=2; z ‡ 1=2; ÿ x ‡ 1=2; y; 1=2ÿ z. ³ C21 is the group de®ned by
symmetryoperatorsx; y; z; ÿ x; y ‡ 1=2; ÿ z; x ‡ 1=2; y ‡ 1=2; z; 1=2ÿ x; y; ÿ z. § A2
is the groupde®nedby symmetryoperatorsx; y; z; ÿ x; y ‡ 1=2; ÿ z; x; y ‡ 1=2; z ‡ 1=2;
ÿ x; y; 1=2 ÿ z.

Table 2
Algorithms for symmetryreductionfor non-practicalgrid sizes;columns
1 and 2: crystallographicgroup number and symbol;column 3: origin
shift; columns4 and5:divisibility conditionsfor unit-cell sides;column6:
algorithmtype (seepaperII).

ITC No. Name Vector ÿ b Matrix A Conditions Algorithm

4 alt I 21² …1
2 ; 0; 1

2† 4jx; 2jy; 2jz Q odd 2x2z
5 C121 …1

2 ; 0; 1
2† 2jx, 2jy; 2jz N odd 2x2z

5 alt C21³ …1
2 ; 0; 1

2† 2jx; 2jy; 2jz N odd 2x2z
5 alt A2§ …1

2 ; 0; 1
2† 2jx; 2jy; 2jz Q odd 2x2z

8 C1m1 …0; 1
2 ; 0† 2jx; 2jy N odd 2x2y

9 C1c1 …0; 1
2 ; 0† 2jx; 2jy; 2jz N odd 2x2y

12 C12=m1 …1
2 ; 1

2 ; 1
2† 2jx, 2jy, 2jz N odd 2x2y2z

15 C12=c1 …1
2 ; 1

2 ; 1
2† 4jx; 2jy; 2jz M odd, Q odd 2x2y2z

20 C2221 …1
2 ; 1

2 ; 1
2† 4jx, 2jy, 2jz M odd 2x2y2z

21 C222 …1
2 ; 1

2 ; 1
2† 4jx, 2jy; 2jz M odd 2x2y2z

22 F222 …1
2 ; 1

2 ; 1
2† 4jx, 4jy, 2jz N odd,M odd 4x4y

23 I 222 …1
2 ; 1

2 ; 1
2† 4jx, 4jy, 2jz Q odd 2x2y2z

24 I 212121 …1
2 ; 1

2 ; 1
2† 2jx, 2jy, 2jz N odd or M odd

or Q odd
2x2y2z

35 Cmm2 …1
2 ; 1

2 ; 0† 4jx, 2jy N odd 4x2y
36 Cmc21 …1

2 ; 1
2 ; 1

2† 2jx, 2jy, 2jz M odd, Q odd 2x2y2z
37 Ccc2 …1

2 ; 1
2 ; 0† 4jx, 2jy, 2jz N odd 4x2y

38 Amm2 …1
2 ; 1

2 ; 0† 2jx, 2jy, 2jz Q odd 2x2y2z
39 Abm2 …1

2 ; 1
2 ; 0† 2jx, 4jy, 2jz M odd 2x4y

40 Ama2 …1
2 ; 1

2 ; 0† 4jx, 4jy, 2jz M odd 2x4y
41 aba2 …1

2 ; 1
2 ; 0† 4jx, 4jy, 2jz M odd 2x4y

42 Fmm2 …1
2 ; 1

2 ; 0† 4jx, 4jy, 2jz N odd,M odd 4x4y
43 Fdd2 …1

2 ; 1
2 ; 0† 4jx, 4jy, 4jz N odd,M odd 4x4y

44 Imm2 …1
2 ; 1

2 ; 0† 2jx, 2jy, 2jz Q odd 2x2y2z
45 Iba2 …1

2 ; 1
2 ; 0† 4jx, 2jy, 2jz N odd 4x2y

46 Ima2 …1
2 ; 1

2 ; 0† 4jx, 2jy, 2jz Q odd 2x2y2z
63 Cmcm …1

2 ; 1
2 ; 1

2† 4jx; 4jy; 4jz N odd 4x2y2zy
64 Cmca …1

2 ; 1
2 ; 1

2† 4jx; 4jy; 4jz N odd 4x2y2zy
65 Cmmm …1

2 ; 1
2 ; 1

2† 4jx; 2jy; 2jz N odd 4x2y2zy
66 Cccm …1

2 ; 1
2 ; 1

2† 4jx; 2jy; 2jz N odd 4x2y2zy
67 Cmma …1

2 ; 1
2 ; 1

2† 4jx; 4jy; 2jz N odd 4x2y2zy
68 Ccca …1

2 ; 1
2 ; 1

2† 4jx; 4jy; 4jz N odd 4x2y2zy
69 Fmmm …1

2 ; 1
2 ; 1

2† 4jx; 4jy; 2jz N odd,M odd 4x4y2z
70 Fddd …1

2 ; 1
2 ; 1

2† 4jx; 4jy; 8jz N odd,M odd 4x4y2z
71 Immm …1

2 ; 1
2 ; 1

2† 4jx; 2jy; 2jz N odd 4x2y2zy
72 Ibam …1

2 ; 1
2 ; 1

2† 4jx; 2jy; 2jz N odd 4x2y2zy
73 Ibca …1

2 ; 1
2 ; 1

2† 4jx; 4jy; 2jz N odd 4x2y2zy
74 Imma …1

2 ; 1
2 ; 1

2† 4jx; 4jy; 2jz N odd 4x2y2zy
79 I 4 …1

2 ; 1
2 ; 0† 2jx; 2jy; 2jz Q odd 2x2y2z

80 I 41 …1
2 ; 1

2 ; 0† 2jx; 2jy; 4jz Q odd 2x4z
82 I �4 …1

2 ; 1
2 ; 1

2† 2jx; 2jy; 2jz Q odd 2x2y2z
87 I 4=m …1

2 ; 1
2 ; 1

2† 2jx; 2jy; 4jz Q odd 2x2y4z
88 I 41=a …1

2 ; 1
2 ; 1

2† 2jx; 2jy; 4jz M odd, Q odd 2x2y4z
97 I 422 …1

2 ; 1
2 ; 1

2† 2jx; 2jy; 4jz Q odd 2x2y4z
98 I 4122 …1

2 ; 1
2 ; 1

2† 4jx; 4jy; 4jz Q odd 2x2y4z
119 I �4m2 …1

2 ; 1
2 ; 1

2† 2jx; 2jy; 4jz Q odd 2x2y4z
120 I �4c2 …1

2 ; 1
2 ; 1

2† 2jx; 2jy; 4jz Q odd 2x2y4z
146 R3 …2

3 ; 1
3 ; 0† 3jx; 3jy; 3jz Q not divisible

by 3
3(x+y) 3z

² I 21 is the group de®ned by symmetry operators x; y; z; ÿ x; y ‡ 1=2; ÿ z;
x ‡ 1=2; y ‡ 1=2; z ‡ 1=2; ÿ x ‡ 1=2; y; 1=2ÿ z. ³ C21 is the group de®ned by
symmetryoperators x; y; z; ÿ x; y ‡ 1=2; ÿ z; x ‡ 1=2; y ‡ 1=2; z; 1=2ÿ x; y; ÿ z. § A2
is the groupde®nedby symmetry operatorsx; y; z; ÿ x; y ‡ 1=2; ÿ z; x; y ‡ 1=2; z ‡ 1=2;
ÿ x; y; 1=2ÿ z.
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of everysecond point alongx andy axes(discussedin x4.1of
paper II). 2x2y2z: regular subgridconsistingof everysecond
point along x, y and z axes(see x4.2 of paper II). 3(x+y):
subgridof x ‡ y divisible by 3 (seepaper I and x4.3of paper
II). ICent.: body centring(seex3.4).FCent.: all-facecentring
(seex3.3).ACent.: A-facecentring(seex3.2).CCent.: C-face
centring (seex3.1).RCent.: rhombohedral centring.

APPENDIXB
Tablesof algorithms for non-practical grid sizes

Here we present examples of algorithms restricted by a
maximal divisibility of unit-cell sizes. They are conceptually
simpler than thosein Appendix A. However,sincethe typical
numbersof grid pointsin crystallographic data processingare
divisible by 26 up to 210, we considerthesealgorithms non-
practical. In other words, by dealingwith suchgrid sizesthe
bene®tof asomewhat simpler algorithm will beoutweighedby
lossin the ef®ciency of the P1 FFT, as waspointedout in the
Discussion. Table2describestheset-up. Thecolumnshavethe

samemeaning asin Appendix A, except for the new column
listing additional conditions on integersN, M and Q, param-
eterizingmatrix A.

The authorsthankMarekKoenigfor preparing illustrations
and tables. This research was supported by NIH grant No.
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